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      Chapter 5: Applications of Definite Integrals
    

    
      In this chapter, we will explore some of the many applications of the definite integral by using it to calculate areas between two curves, volumes, length of curves, and several other applications from real life such as calculating the work done by a force, the pressure a liquid exerts on an object, and basic statistical concepts.
    

    
      Area Between Two Curves
    

    
      Learning Objectives
    

    
      A student will be able to:
    

    
      	Compute the area between two curves with respect to the [image: x-] and [image: y-]axes.
      

    

    
      In the last chapter, we introduced the definite integral to find the area between a curve and the [image: x-] axis over an interval [image: [a, b].] In this lesson, we will show how to calculate the area between two curves.
    

    
      Consider the region bounded by the graphs [image: f] and [image: g] between [image: x = a] and [image: x = b,] as shown in the figures below. If the two graphs lie above the [image: x-]axis, we can interpret the area that is sandwiched between them as the area under the graph of [image: g] subtracted from the area under the graph [image: f.]
    

    
      
        [image: ]
      

      
        Figure 5.1
      

    

    
      
        [image: ]
      

      
        Figure 5.2
      

    

    
      
        [image: ]
      

      
        Figure 5.3
      

    

    
      Therefore, as the graphs show, it makes sense to say that
    

    
      [Area under [image: f] (Fig. 1a)] [image: -] [Area under [image: g] (Fig. 1b)] [image: =] [Area between [image: f] and [image: g] (Fig. 1c)],
    

    
      [image:  \int_{a}^{b} f(x)dx - \int_{a}^{b} g(x) = \int_{a}^{b} [f(x)|- g(x)] dx.]
    

    
      This relation is valid as long as the two functions are continuous and the upper function [image: f(x) \ge g(x)] on the interval [image: [a, b].]
    

    
      The Area Between Two Curves (With respect to the [image: x-]axis)
    

    
      If [image: f] and [image: g] are two continuous functions on the interval [image: [a, b]] and [image: f(x) \ge g(x)] for all values of [image: x] in the interval, then the area of the region that is bounded by the two functions is given by
    

    
      [image:  A =\int_{a}^{b} [f(x) - g(x)] dx.]
    

    
      Example 1:
    

    
      Find the area of the region enclosed between [image: y = x^2] and [image: y = x + 6.]
    

    
      
        [image: ]
      

      
        Figure 5.4
      

    

    
      Solution:
    

    
      We first make a sketch of the region (Figure 2) and find the end points of the region. To do so, we simply equate the two functions,
    

    
      [image: x^2 = x + 6,]
    

    
      and then solve for [image: x.]
    

    
      [image: x^2 - x - 6 & = 0\ (x + 2)(x - 3) & = 0]
    

    
      from which we get [image: x = -2] and [image: x = 3.]
    

    
      So the upper and lower boundaries intersect at points [image: (-2, 4)] and [image: (3, 9).]
    

    
      As you can see from the graph, [image: x + 6 \ge x^2] and hence [image: f(x) = x + 6] and [image: g(x) = x^2] in the interval [image: [-2, 3].] Applying the area formula,
    

    
      [image: A & = \int_{a}^{b} [f(x) - g(x)] dx\ & = \int_{-2}^{3} [(x + 6) - (x^2)]dx.]
    

    
      Integrating,
    

    
      [image: A & = \left [\frac{x^2} {2} + 6x - \frac{x^3} {3} \right]_{-2}^{3}\ & = \frac{125} {6}.]
    

    
      So the area between the two curves [image: f(x) = x + 6] and [image: g(x) = x^2] is [image: 125/6.]
    

    
      Sometimes it is possible to apply the area formula with respect to the [image: y-]coordinates instead of the [image: x-]coordinates. In this case, the equations of the boundaries will be written in such a way that [image: y] is expressed explicitly as a function of [image: x] (Figure 3).
    

    
      
        [image: ]
      

      
        Figure 5.5
      

    

    
      The Area Between Two Curves (With respect to the [image: y-]axis)
    

    
      If [image: w] and [image: v] are two continuous functions on the interval [image: [c, d]] and [image: w(y) \ge v(y)] for all values of [image: y] in the interval, then the area of the region that is bounded by [image: x = v(y)] on the left, [image: x = w(y)] on the right, below by [image: y = c,] and above by [image: y = d,] is given by
    

    
      [image:  A = \int_{c}^{d} [w(y) - v(y)] dy.]
    

    
      Example 2:
    

    
      Find the area of the region enclosed by [image: x = y^2] and [image: y = x - 6.]
    

    
      Solution:
    

    
      
        [image: ]
      

      
        Figure 5.6
      

    

    
      As you can see from Figure 4, the left boundary is [image: x = y^2] and the right boundary is [image: y = x - 6.] The region extends over the interval [image: -2 \le y \le 3.] However, we must express the equations in terms of [image: y.] We rewrite
    

    
      [image: x & = y^2\ x & = y + 6]
    

    
      Thus
    

    
      [image: A & = \int_{-2}^{3} [y + 6 - y^2] dy\ & = \left [\frac{y^2} {2} + 6y - \frac{y^3} {3} \right]_{-2}^{3}\ & = \frac{125} {6}.]
    

    
      Multimedia Links
    

    
      For a video presentation of the area between two graphs (14.0)(16.0), see Math Video Tutorials by James Sousa, Area Between Two Graphs (6:12). 
    

    
      
        [image: video_image]
      

      
        http://mathispower4u.wordpress.com/ (Click here to watch the video)
      

    

    
      For an additional video presentation of the area between two curves (14.0)(16.0), see Just Math Tutoring, Finding Areas Between Curves (9:50). 
    

    
      
        [image: video_image]
      

      
        Finding Areas Between Curves - Two Examples! For more free math videos, visit http://PatrickJMT.com (Click here to watch the video)
      

    

    
      Review Questions
    

    
      In problems #1 - 7, sketch the region enclosed by the curves and find the area.
    

    
      	
        [image:  y = x^2 , y = \sqrt{x},] on the interval [image: [0.25, 1]]
      

      	
        [image: y = 0,] [image: y = \cos 2x,] on the interval [image: \left [\frac{\pi} {4} , \frac{\pi} {2} \right]]
      

      	
        [image:  y = |- 1 + x| + 2,] [image: y = \frac{-1} {5} x + 7]
      

      	
        [image: y = \cos x,] [image: y = \sin x,] [image: x = 0,] [image: x = 2\pi]
      

      	
        [image: x = y^2,] [image: y = x - 2,] integrate with respect to [image: y]
      

      	
        [image: y^2 - 4x = 4,] [image: 4x - y = 16]
      

      	
        [image: y = 8 \cos x,] [image: y = sec^2 x,] [image: -\pi / 3 \le x \le \pi / 3]
      

      	Find the area enclosed by [image: x = y^3] and [image: x = y.]
      

      	If the area enclosed by the two functions [image: y = k \cos x] and [image: y = kx^2] is [image: 2,] what is the value of [image: k]?
      

      	Find the horizontal line [image: y = k] that divides the region between [image: y = x^2] and [image: y = 9] into two equal areas.
      

    

    
      Review Answers
    

    
      	
        [image: 49/192]
      

      	
        [image: 1/2]
      

      	
        [image: 24]
      

      	
        [image:  4 \sqrt{2}]
      

      	
        [image: 9/2]
      

      	
        [image:  30 \frac{3} {8}]
      

      	
        [image:  6 \sqrt{3}]
      

      	
        [image:  \frac{1} {2}]
      

      	
        [image: k \approx 1.83]
      

      	
        [image:  9/ \sqrt[3]{4}]
      

    

    
      Volumes
    

    
      Learning Objectives
    

    
      	Learn the basic concepts of volume and how to compute it with a given cross-section
      

      	Learn how to compute volume by the disk method
      

      	Learn how to compute volume by the washer method
      

      	Learn how to compute volume by cylindrical shells
      

    

    
      In this section, we will use definite integrals to find volumes of different solids.
    

    
      The Volume Formula
    

    
      A circular cylinder can be generated by translating a circular disk along a line that is perpendicular to the disk (Figure 5). In other words, the cylinder can be generated by moving the cross-sectional area [image: A] (the disk) through a distance [image: h.] The resulting volume is called the volume of solid and it is defined to be
    

    
      [image: V = Ah.]
    

    
      
        [image: ]
      

      
        Figure 5.7
      

    

    
      
        [image: ]
      

      
        Figure 5.8
      

    

    
      The volume of solid does not necessarily have to be circular. It can take any arbitrary shape. One useful way to find the volume is by a technique called “slicing.” To explain the idea, suppose a solid [image: S] is positioned on the [image: x-]axis and extends from points [image: x = a] to [image: x = b] (Figure 6). Let [image: A(x)] be the cross-sectional area of the solid at some arbitrary point [image: x.] Just like we did in calculating the definite integral in the previous chapter, divide the interval [image: [a, b]] into [image: n] sub-intervals and with widths
    

    
      [image:  \triangle x_1, \triangle x_2, \triangle x_3, \ldots, \triangle x_n.]
    

    
      Eventually, we get planes that cut the solid into [image: n] slices
    

    
      [image: S_1, S_2, S_3, \ldots, S_n.]
    

    
      Take one slice, [image: S_k.] We can approximate slice [image: S_k] to be a rectangular solid with thickness [image:  \triangle x_k] and cross-sectional area [image: A(x_k).] Thus the volume [image: V_k] of the slice is approximately
    

    
      [image:  V_k \approx A(x_k) \triangle x_k.]
    

    
      Therefore the volume [image: V] of the entire solid is approximately
    

    
      [image: V & = V_1 + V_2 + \ldots + V_n\ & \approx \sum_{k = 1}^{n} A(x_k) \triangle x_k.]
    

    
      If we use the same argument to derive a formula to calculate the area under the curve, let us increase the number of slices in such a way that [image:  \triangle x_k \rightarrow 0]. In this case, the slices become thinner and thinner and, as a result, our approximation will get better and better. That is,
    

    
      [image:  V = \lim_{\triangle x \to 0} =\sum_{k=1}^{n} A(x_k)\triangle x_k.]
    

    
      Notice that the right-hand side is just the definition of the definite integral. Thus
    

    
      [image: V & = \lim_{\triangle x \to 0} =\sum_{k=1}^{n} A(x_k)\triangle x_k\ & = \int_{a}^{b} A(x)dx.]
    

    
      The Volume Formula (Cross-section perpendicular to the [image: x-]axis)
    

    
      Let [image: S] be a solid bounded by two parallel planes perpendicular to the [image: x-]axis at [image: x = a] and [image: x = b.] If each of the cross-sectional areas in [image: [a, b]] are perpendicular to the [image: x-] axis, then the volume of the solid is given by
    

    
      [image: V = \int_{a}^{b} A(x)dx.]
    

    
      where [image: A(x)] is the area of a cross section at the value of [image: x] on the [image: x-]axis.
    

    
      The Volume Formula (Cross-section perpendicular to the [image: y-]axis)
    

    
      Let [image: S] be a solid bounded by two parallel planes perpendicular to the [image: y-]axis at [image: y = c] and [image: y = d.] If each of the cross-sectional areas in [image: [c, d]] are perpendicular to the [image: y-]axis, then the volume of the solid is given by
    

    
      [image:  V = \int_{c}^{d} A(y)dy.]
    

    
      where [image: A(y)] is the area of a cross section at the value of [image: y] on the [image: y-]axis.
    

    
      Example 1:
    

    
      Derive a formula for the volume of a pyramid whose base is a square of sides [image: a] and whose height (altitude) is [image: h.]
    

    
      
        [image: ]
      

      
        Figure 5.9
      

    

    
      
        [image: ]
      

      
        Figure 5.10
      

    

    
      Solution:
    

    
      Let the [image: y-]axis pass through the apex of the pyramid, as shown in Figure (7a). At any point [image: y] in the interval [image: [0, h],] the cross-sectional area is a square. If [image: b] is the length of the sides of any arbitrary square, then, by similar triangles (Figure 7b),
    

    
      [image: \frac{\frac{1} {2} b} {\frac{1} {2}a} & = \frac{h - y} {h},\ b & = \frac{a} {h}(h - y).]
    

    
      Since the cross-sectional area at [image: y] is [image: A(y) = b^2,]
    

    
      [image:  A(y) = b^2 = \frac{a_2} {h_2} {(h - y)}^2.]
    

    
      Using the volume formula,
    

    
      [image: V & = \int_{c}^{d}A(y)dy\ & = \int_{0}^{h} \frac{a^2} {h^2} {(h - y)}^2 dy\ & = \frac{a^2} {h^2} \int_{0}^{h} {(h - y)}^2 dy.]
    

    
      Using [image: u-]substitution to integrate, we eventually get
    

    
      [image: V & = \frac{a^2} {h^2} \left[-\frac{1} {3} (h - y)^3 \right]_{0}^{h}\ & = \frac{1} {3} a^2 h.]
    

    
      Therefore the volume of the pyramid is [image:  V = \frac{1} {3} a^2 h], which agrees with the standard formula.
    

    
      Volumes of Solids of Revolution
    

    
      The Method of Disks
    

    
      
        [image: ]
      

      
        Figure 5.11
      

    

    
      Figure 8a
    

    
      
        [image: ]
      

      
        Figure 5.12
      

    

    
      Suppose a function [image: f] is continuous and non-negative on the interval [image: [a, b],] and suppose that [image: R] is the region between the curve [image: f] and the [image: x-]axis (Figure 8a). If this region is revolved about the [image: x-]axis, it will generate a solid that will have circular cross-sections (Figure 8b) with radii of [image: f(x)] at each [image: x.] Each cross-sectional area can be calculated by
    

    
      [image: A(x) = \pi{[f(x)]}^2.]
    

    
      Since the volume is defined as
    

    
      [image: V = \int_{a}^{b} A(x)dx,]
    

    
      the volume of the solid is
    

    
      [image: V = \int_{a}^{b} \pi{[f(x)]}^2 dx.]
    

    
      Volumes by the Method of Disks (revolution about the [image: x-]axis)
    

    
      [image: V = \int_{a}^{b} \pi{[f(x)]}^2 dx.]
    

    
      Because the shapes of the cross-sections are circular or look like the shapes of disks, the application of this method is commonly known as the method of disks.
    

    
      Example 2
    

    
      Calculate the volume of the solid that is obtained when the region under the curve [image:  \sqrt{x}] is revolved about the [image: x-]axis over the interval [image: [1, 7].]
    

    
      Solution:
    

    
      As Figures 9a and 9b show, the volume is
    

    
      [image: V & = \int_{a}^{b} \pi{[f(x)]}^2 dx\ & = \int_{1}^{7} \pi{[\sqrt{x}]}^2 dx\ & = \pi \left [ \frac{x^2} {2} \right ]_{1}^{7}\ & = 24 \pi.]
    

    
      
        [image: ]
      

      
        Figure 5.13
      

    

    
      
        [image: ]
      

      
        Figure 5.14
      

    

    
      Example 3:
    

    
      Derive a formula for the volume of the sphere with radius [image: r.]
    

    
      Solution:
    

    
      One way to find the formula is to use the disk method. From your algebra, a circle of radius [image: r] and center at the origin is given by the formula
    

    
      [image: x^2 + y^2 = r^2]
    

    
      If we revolve the circle about the [image: x-]axis, we will get a sphere. Using the disk method, we will obtain a formula for the volume. From the equation of the circle above, we solve for [image: y]:
    

    
      [image: f(x) = y = \sqrt{r^2 - x^2},]
    

    
      thus
    

    
      [image: V & = \int_{a}^{b} \pi{[f(x)]}^2 dx\ & = \int_{-r}^{+r} \pi \left [\sqrt{{r^2} - x^2} \right ]^2 dx\ & = \pi \left[r^2x - \frac{x^3} {3} \right]_{-r}^{r}\ & = \frac{4} {3} \pi r^3.]
    

    
      This is the standard formula for the volume of the sphere.
    

    
      The Method of Washers
    

    
      To generalize our results, if [image: f] and [image: g] are non-negative and continuous functions and
    

    
      [image: f(x) \geq g(x)]
    

    
      for
    

    
      [image: a \leq x \leq b,]
    

    
      Then let [image: R] be the region enclosed by the two graphs and bounded by [image: x = a] and [image: x = b.] When this region is revolved about the [image: x-]axis, it will generate washer-like cross-sections (Figures 10a and 10b). In this case, we will have two radii: an inner radius [image: g(x)] and an outer radius [image: f(x).] The volume can be given by:
    

    
      [image: V(x) = \int_{a}^{b} \pi \left ({[f(x)]}^2 - {[g(x)]}^2 \right) dx.]
    

    
      
        [image: ]
      

      
        Figure 5.15
      

    

    
      
        [image: ]
      

      
        Figure 5.16
      

    

    
      Volumes by the Method of Washers (revolution about the [image: x-]axis)
    

    
      [image: V(x) = \int_{a}^{b} \pi\left ({[f(x)]}^2 - {[g(x)]}^2 \right) dx.]
    

    
      Example 4:
    

    
      Find the volume generated when the region between the graphs [image: f(x) = x^2+1] and [image: g(x) = x] over the interval [image: [0, 3]] is revolved about the [image: x-]axis.
    

    
      Solution:
    

    
      
        [image: ]
      

      
        Figure 5.17
      

    

    
      
        [image: ]
      

      
        Figure 5.18
      

    

    
      From the formula above,
    

    
      [image: V(x) & = \int_{a}^{b} \pi \left ([f(x)]^2 - [g(x)]^2\right ) dx\ & = \int_{0}^{3} \pi \left ((x^2 + 1)^2- (x)^2\right ) dx\ & = \int_{0}^{3} \pi \left (x^4 + x^2 + 1 \right ) dx\ & = \frac{303\pi} {5}.]
    

    
      The methods of disks and washers can also be used if the region is revolved about the [image: y-]axis. The analogous formulas can be easily deduced from the above formulas or from the volumes of solids generated.
    

    
      Disks:
    

    
      [image: V = \int_{c}^{d} \pi [u(y)]^2 dy.]
    

    
      Washers:
    

    
      [image: V = \int_{c}^{d} \pi \left ([w(y)]^2 - [v(y)]^2\right )dy.]
    

    
      Example 5:
    

    
      What is the volume of the solid generated when the region enclosed by [image: y = \sqrt{x},] [image: y = 3,] and [image: x = 0] is revolved about the [image: y-]axis?
    

    
      Solution:
    

    
      Since the solid generated is revolved about the [image: y-]axis (Figure 12), we must rewrite [image:  y = \sqrt{x}] as [image: x = y^2.]
    

    
      Thus [image: u(y) = y^2.] The volume is
    

    
      [image: V & = \int_{c}^{d} \pi [u(y)]^2 dy\ & = \int_{0}^{3} \pi [y^2]^2 dy\ & = \int_{0}^{3} \pi y^4 dx\ & = \pi \left [\frac{y^5} {5}\right ]^3_0\ & = \pi \left [\frac{3^5} {5} - 0\right ]\ & = \frac{243\pi} {5}.]
    

    
      
        [image: ]
      

      
        Figure 5.19
      

    

    
      
        [image: ]
      

      
        Figure 5.20
      

    

    
      Volume By Cylindrical Shells
    

    
      The method of computing volumes so far depended upon computing the cross-sectional area of the solid and then integrating it across the solid. What happens when the cross-sectional area cannot be found or the integration is too difficult to solve? Here is where the shell method comes along.
    

    
      To show how difficult it sometimes is to use the disk or the washer methods to compute volumes, consider the region enclosed by the function [image: f(x) = x - x^2.] Let us revolve it about the line [image: x = - 1] to generate the shape of a doughnut-shaped cake. What is the volume of this solid?
    

    
      
        [image: ]
      

      
        Figure 5.21
      

    

    
      
        [image: ]
      

      
        Figure 5.22
      

    

    
      If we wish to integrate with respect to the [image: y-]axis, we have to solve for [image: x] in terms of [image: y.] That would not be easy (try it!). An easier way is to integrate with respect to the [image: x-]axis by using the shell method. Here is how: A cylindrical shell is a solid enclosed by two concentric cylinders. If the inner radius is [image: r_1] and the outer one is [image: r_2,] with both of height [image: h,] then the volume is (Figure 14)
    

    
      [image: V & = [\text{area of the cross-section}] \cdot [\text{height}]\ & =\pi (r^2_2 - r^2_1) h\ & =\pi (r_2 + r_1) (r_2 - r_1) h\ & = 2\pi \cdot \left [\frac{1} {2} (r_2 + r_1)\right ] \cdot h \cdot (r_2 - r_1).]
    

    
      
        [image: ]
      

      
        Figure 5.23
      

    

    
      Notice however that [image:  (r_2 - r_1)] is the thickness of the shell and [image:  \frac{1} {2} (r_2 + r_1)] is the average radius of the shell.
    

    
      Thus
    

    
      [image: V = 2\pi \cdot [\text{average radius}] \cdot [\text{height}] \cdot [\text{thickness}].]
    

    
      Replacing the average radius with a single variable [image: r] and using [image: h] for the height, we have
    

    
      [image: V = 2 \pi \cdot r \cdot h \cdot [\text{thickness}].]
    

    
      In general the shell’s thickness will be [image: dx] or [image: dy] depending on the axis of revolution. This discussion leads to the following formulas for rotation about an axis. We will then use this formula to compute the volume [image: V] of the solid of revolution that is generated by revolving the region about the [image: x-]axis.
    

    
      Volume By Cylindrical Shell about the [image: y-]Axis
    

    
      Suppose [image: f] is a continuous function in the interval [image: [a, b]] and the region [image: R] is bounded above by [image: y = f(x)] and below by the [image: x-]axis, and on the sides by the lines [image: x = a] and [image: x = b.] If [image: R] is rotated around the [image: y-]axis, then the cylinders are vertical, with [image: r = x] and [image: h = f(x).] The volume of the solid is given by
    

    
      [image: V = \int_{a}^{b} 2 \pi r h dx = \int_{b}^{a} 2 \pi x f(x) dx.]
    

    
      Volume By Cylindrical Shell about the [image: x-]Axis
    

    
      Equivalently, if the volume is generated by revolving the same region about the [image: x-]axis, then the cylinders are horizontal with
    

    
      [image: v = \int_{c}^{d} 2 \pi r h dy,]
    

    
      where [image: c = f^{-1} (a)] and [image: d = f^{-1}(b).] The values of [image: r] and [image: h] are determined in context, as you will see in Example 6.
    

    
      Note: Example 7 shows what to do when the rotation is not about an axis.
    

    
      Example 6:
    

    
      A solid figure is created by rotating the region [image: R] (Figure 15) around the [image: x-]axis. [image: R] is bounded by the curve [image: y = x^2] and the lines [image: x= 0] and [image: x= 2.] Use the shell method to compute the volume of the solid.
    

    
      
        [image: ]
      

      
        Figure 5.24
      

    

    
      Solution:
    

    
      From Figure 15 we can identify the limits of integration: [image: y] runs from [image: 0] to [image: 4.] A horizontal strip of this region would generate a cylinder with height [image:  2 - \sqrt{y}] and radius [image: y.] Thus the volume of the solid will be
    

    
      [image: V & = \int_{c}^{d} 2 \pi r h dy\ & = \int_{0}^{4} 2 \pi y (2 - \sqrt{y}) dy\ & = 2 \pi \int_{0}^{4} (2y - y^{3/2})dy\ & = 2 \pi \left [y^2 - \frac{2} {5} y^{5/2}\right ]^4_0\ & = \frac{32\pi} {5}.]
    

    
      Note: The alert reader will have noticed that this example could be worked with a simpler integral using disks. However, the following example can only be solved with shells.
    

    
      Example 7:
    

    
      Find the volume of the solid generated by revolving the region bounded by [image:  y = x^3 + \frac{1} {2}x + \frac{1} {4},] [image: y = \frac{1} {4}], and [image: x = 1,] about [image: x = 3.]
    

    
      
        [image: ]
      

      
        Figure 5.25
      

    

    
      Solution:
    

    
      As you can see, the equation [image:  y = x^3 + \frac{1} {2}x + \frac{1} {4}] cannot be easily solved for [image: x] and therefore it will be necessary to solve the problem by the shell method. We are revolving the region about a line parallel to the [image: y-]axis and thus integrate with respect to [image: x.] Our formula is
    

    
      [image: V = \int_{a}^{b} 2 \pi r h dx.]
    

    
      In this case, the radius is [image: 3 - x] and the height is [image:  x^3 + \frac{1} {2}x + \frac{1} {4} - \frac{1} {4}]. Substituting,
    

    
      [image: V & = 2 \pi \int_{0}^{1} (3 - x) \left (x^3 + \frac{1} {2} x + \frac{1} {4} - \frac{1} {4}\right )dx\ & = 2 \pi \int_{0}^{1} \left (-x^4 + 3x^3 - \frac{1} {2}x^2 + \frac{3} {2}x\right )dx \ & = 2\pi \left [\frac{-1} {5} x^5 + \frac{3} {4} x^4 - \frac{1} {6} x^3 + \frac{3} {4} x^2\right ]^1_0 \ & = 2\pi \left [\frac{-1} {5} + \frac{3} {4} - \frac{1} {6} + \frac{3} {4}\right ] \ & = 2\pi \left [\frac{17} {15}\right ] \ & = \frac{34\pi} {15}.]
    

    
      Multimedia Links
    

    
      The following applet allows you to try out solids of revolution about the x-axis for any two functions. You can try inputting the examples above to test it out, and then experiment with new functions and changing the bounds. Volumes of Revolution Applet. In the following video the narrator walks trough the steps of setting up a volume integration (14.0)(16.0). Khan Academy Solids of Revolution (10:04). 
    

    
      
        [image: video_image]
      

      
        Figuring out the volume of a function rotated about the x-axis. (Click here to watch the video)
      

    

    
      Sometimes the same volume problem can be solved in two different ways (14.0)(16.0). In these two videos, the narrator first finds a volume using shells Khan Academy Solid of Revolution (Part 5) (9:29) 
    

    
      
        [image: video_image]
      

      
        transparent (Click here to watch the video)
      

    

    
      , and then he does the same volume problem using disks. Khan Academy Solid of Revolution (Part 6) (9:18). 
    

    
      
        [image: video_image]
      

      
        Using the disk method around the y-axis. (Click here to watch the video)
      

    

    
      Together these videos show how both methods can be used to solve the same problem (though it's not always done this easily!).
    

    
      Review Questions
    

    
      In problems #1 - 4, find the volume of the solid generated by revolving the region bounded by the curves about the [image: x-]axis.
    

    
      	
        [image:  y = \sqrt{9 - x^2}, y = 0]
      

      	
        [image:  y = 3 + x, y = 1 + x^2]
      

      	
        [image:  y = \sec x, y = \sqrt{2}, - \pi/4 \le x \le \pi/4]
      

      	
        [image: y = 1, y = x, x = 0]
      

    

    
      In problems #5–8, find the volume of the solid generated by revolving the region bounded by the curves about the [image: y-]axis.
    

    
      	
        [image: y = x^3, x = 0, y = 1]
      

      	
        [image: x = y^2, y = x - 2]
      

      	
        [image:  x = \csc y, y = \pi/4, y = 3\pi/4, x = 0]
      

      	
        [image:  y = 0, y = \sqrt{x}, x = 4]
      

    

    
      In problems #9–12, use cylindrical shells to find the volume generated when the region bounded by the curves is revolved about the axis indicated.
    

    
      	
        [image:  y = \frac{1} {x}, y = 0, x = 1, x = 3,] about the [image: y-]axis
      

      	
        [image: y = x^2, x = 1, y = 0,] about the [image: x-]axis
      

      	
        [image: y = 2x - 1, y = -2x + 3, x = 2,] about the [image: y-]axis
      

      	
        [image: y^2 = x, y = 1, x = 0,] about the [image: x-]axis.
      

      	Use the cylindrical shells method to find the volume generated when the region is bounded by [image: y = x^3, y = 1, x = 0] is revolved about the line [image: y = 1.]
      

    

    
      Review Answers
    

    
      	
        [image:  36\pi]
      

      	
        [image:  \frac{117\pi} {5}]
      

      	
        [image:  \pi^2 - 2\pi]
      

      	
        [image:  \frac{2} {3}\pi]
      

      	
        [image:  \frac{3\pi} {5}]
      

      	
        [image:  \frac{72\pi} {5}]
      

      	
        [image:  2\pi]
      

      	
        [image:  \frac{128\pi} {5}]
      

      	
        [image:  4\pi]
      

      	
        [image:  \frac{\pi} {5}]
      

      	
        [image:  20\pi/3]
      

      	
        [image:  \frac{\pi} {2}]
      

      	
        [image:  \frac{9\pi} {14}]
      

    

    
      The Length of a Plane Curve
    

    
      Learning Objectives
    

    
      A student will be able to:
    

    
      	Learn how to find the length of a plane curve for a given function.
      

    

    
      In this section will consider the problem of finding the length of a plane curve. Formulas for finding the arcs of circles appeared in early historical records and they were known to many civilizations. However, very little was known about finding the lengths of general curves, such as the length of the curve [image: y = x^2] in the interval [image: [0, 2],] until the discovery of calculus in the seventeenth century.
    

    
      In calculus, we define an arc length as the length of a plane curve [image: y = f(x)] over an interval [image: [a, b]] (Figure 17). When the curve [image: f(x)] has a continuous first derivative [image: f'] on [image: [a, b],] we say that [image: f] is a smooth function (or smooth curve) on [image: [a, b].]
    

    
      
        [image: ]
      

      
        Figure 5.26
      

    

    
      The Arc Length Problem
    

    
      If [image: y = f(x)] is a smooth curve on the interval [image: [a, b],] then the arc length [image: L] of this curve is defined as
    

    
      [image:  L = \int_{a}^{b} \sqrt{1 + [f'(x)]^2} dx = \int_{a}^{b} \sqrt{1 + \left (\frac{dy} {dx}\right )^2} dx.]
    

    
      Example 1:
    

    
      Find the arc length of the curve [image: y = x^3/2] on [image: [1, 3]] (Figure 18).
    

    
      
        [image: ]
      

      
        Figure 5.27
      

    

    
      Solution:
    

    
      Since [image: y = x^3/2,]
    

    
      [image:  \frac{dy} {dx} = \frac{3} {2} x^{1/2}.]
    

    
      Using the formula above, we get
    

    
      [image: \int_{a}^{b} \sqrt{1 + [f'(x)]^2} dx & = \int_{1}^{3} \sqrt{1 + \left [\frac{3} {2} x^{1/2}\right ]^2} dx\ & = \int_{1}^{3} \sqrt{1 + \frac{9} {4}} x dx.]
    

    
      Using [image: u-]substitution by letting [image:  u = 1 + \frac{9} {4}x], then [image:  du = \frac{9} {4} dx.] Substituting, and remembering to change the limits of integration,
    

    
      [image: L & = \frac{4} {9} \int_{13/4}^{31/4} \sqrt{u} du\ & = \frac{8} {27}\left [u^{3/2}\right ]^{31/4}_{13/4}\ & \approx 4.65.]
    

    
      Multimedia Links
    

    
      The formula you just used to find the length of a curve was derived by using line segments to approximate the curve. The derivation of that formula can be found at Wikipedia Entry on Arc Length. In the following applet you can explore this further. Experiment with various curves and change the number of segments to see how changing the number of segments is related to approximating the arc length. Arc Length Applet.
    

    
      For video presentations showing how to obtain the arc length using parametric curves (16.0), see Just Math Tutoring, Arc Length Using Parametric Curves, Example 1 (8:17)
    

    
      
        [image: video_image]
      

      
        Arc Length Using Parametric Curves - In this video, I discuss the formula for finding arc length if a curve is given in parametric form; I also do one relatively simply example using the formula. For more free math videos, visit http://JustMathTutoring.com (Click here to watch the video)
      

    

    
      and Just Math Tutoring, Arc Length Using Parametric Curves, Example 2 (7:27). 
    

    
      
        [image: video_image]
      

      
        Arc Length Using Parametric Curves, Example 2 - In this video, I discuss the formula for finding arc length if a curve is given in parametric form; I also do one relatively simply example using the formula. (Click here to watch the video)
      

    

    
      Review Questions
    

    
      	Find the arc length of the curve
        
          [image:  y = \frac{(x^2 + 2)^{3/2}} {3}]
        

        
          on [image: [0, 3].]
        

      

      	Find the arc length of the curve
        
          [image:  x = \frac{1} {6} y^3 + \frac{1} {2y}]
        

        
          on [image: y \in [1, 2].]
        

      

      	Integrate
        
          [image:  x = \int_{0}^{y} \sqrt{\sec^4 t - 1} dt,\ - \frac{\pi} {4} \le y \le \frac{\pi} {4}.]
        

      

      	Find the length of the curve shown in the figure below. The shape of the graph is called the astroid because it looks like a star. The equation of its graph is [image: x^{2/3} + y^{2/3} = 1.] [image: ]
      

      	The figure below shows a suspension bridge. The cable has the shape of a parabola with equation [image: kx^2 = y.] The suspension bridge has a total length of [image: 2S] and the height of the cable is [image: h] at each end. Show that the total length of the cable is
        
          [image:  L = 2 \int_{0}^{s} \sqrt{1 + \frac{4h^2} {S^4} x^2} dx.]
        

        
          [image: ]
        

      

    

    
      Review Answers
    

    
      	
        [image: 11]
      

      	
        [image: (17/12)]
      

      	
        [image: 2]
      

      	
        [image: 6]
      

      	.
      

    

    
      Area of a Surface of Revolution
    

    
      Learning Objectives
    

    
      A student will be able to:
    

    
      	Learn how to find the area of a surface that is generated by revolving a curve about an axis or a line.
      

    

    
      In this section we will deal with the problem of finding the area of a surface that is generated by revolving a curve about an axis or a line. For example, the surface of a sphere can be generated by revolving a semicircle about its diameter (Figure 19) and the circular cylinder can be generated by revolving a line segment about any axis that is parallel to it (Figure 20).
    

    
      
        [image: ]
      

      
        Figure 5.28
      

    

    
      
        [image: ]
      

      
        Figure 5.29
      

    

    
      Area of a Surface of Revolution
    

    
      If [image: f] is a smooth and non-negative function in the interval [image: [a, b],] then the surface area [image: S] generated by revolving the curve [image: y = f(x)] between [image: x = a] and [image: x = b] about the [image: x-]axis is defined by
    

    
      [image:  S = \int_{a}^{b} 2 \pi f(x) \sqrt{1 + [f'(x)]^2} dx = \int_{a}^{b} 2 \pi y \sqrt{1 + \left (\frac{dy} {dx}\right )^2} dx.]
    

    
      Equivalently, if the surface is generated by revolving the curve about the [image: y-]axis between [image: y = c] and [image: y = d,] then
    

    
      [image:  S = \int_{c}^{d} 2 \pi g (y) \sqrt{1 + [g'(y)]^2} dy = \int_{c}^{d} 2 \pi x \sqrt{1 + \left (\frac{dx} {dy}\right )^2}dy.]
    

    
      Example 1:
    

    
      Find the surface area that is generated by revolving [image: y = x^3] on [image: [0, 2]] about the [image: x-]axis (Figure 21).
    

    
      Solution:
    

    
      
        [image: ]
      

      
        Figure 5.30
      

    

    
      The surface area [image: S] is
    

    
      [image: S &= \int_{a}^{b} 2 \pi y \sqrt{1 + \left (\frac{dy} {dx}\right )^2} dx \ &= \int_{0}^{2} 2 \pi x^3 \sqrt{1 + (3x^2)^2} dx \ &= 2\pi \int_{0}^{2} x^3 (1 + 9x^4)^{1/2} dx.]
    

    
      Using [image: u-]substitution by letting [image: u = 1 + 9x^4,]
    

    
      [image: S &= 2 \pi \int_{1}^{145} u^{1/2} \frac{du}{36} \ &= \frac{2 \pi}{36} \left [\frac{2} {3} u^{3/2}\right ]^{145}_{1} \\ &= \frac{2 \pi}{36}\cdot \frac{2} {3} \left [(145)^{3/2} - 1\right ]\ &\approx \frac{4\pi} {108} [1745]\ &\approx 203]
    

    
      Example 2:
    

    
      Find the area of the surface generated by revolving the graph of [image: f(x) = x^2] on the interval [image: [0, \sqrt{3}]] about the [image: y-]axis (Figure 22).
    

    
      Solution:
    

    
      
        [image: ]
      

      
        Figure 5.31
      

    

    
      Since the curve is revolved about the [image: y-]axis, we apply
    

    
      [image:  S = \int_{c}^{d} 2 \pi x \sqrt{1 + \left (\frac{dx} {dy}\right )^2} dy.]
    

    
      So we write [image: y = x^2] as [image:  x = \sqrt{y}]. In addition, the interval on the [image: x-]axis [image:  [0, \sqrt{3}]] becomes [image: [0, 3].] Thus
    

    
      [image:  S = \int_{0}^{3} 2 \pi \sqrt{y} \sqrt{1 + \left (\frac{1} {2\sqrt{y}}\right )^2} dy.]
    

    
      Simplifying,
    

    
      [image:  S = \pi \int_{0}^{3} \sqrt{4y + 1} dy.]
    

    
      With the aid of [image: u-]substitution, let [image: u = 4y + 1,]
    

    
      [image: S &= \frac{\pi} {4} \int_{1}^{13} u^{1/2} du \ &= \frac{\pi} {6} \left [(13)^{3/2} - 1\right ] \ &= \frac{\pi} {6} [46.88 - 1]\ &\approx 24]
    

    
      Multimedia Links
    

    
      For video presentations of finding the surface area of revolution (16.0), see Math Video Tutorials by James Sousa, Surface Area of Revolution, Part 1 (9:47) 
    

    
      
        [image: video_image]
      

      
        The video explains the formula for surface are of revolution and provides an example. http://mathispower4u.yolasite.com/ (Click here to watch the video)
      

    

    
      and Math Video Tutorials by James Sousa, Surface Area of Revolution, Part 2 (5:43). 
    

    
      
        [image: video_image]
      

      
        Example about the y-axis. http://mathispower4u.yolasite.com (Click here to watch the video)
      

    

    
      Review Questions
    

    
      In problems #1 - 3 find the area of the surface generated by revolving the curve about the [image: x-]axis.
    

    
      	
        [image:  y = 3x , 0 \le x \le 1]
      

      	
        [image:  y = \sqrt{x}, 1 \le x \le 9]
      

      	
        [image:  y = \sqrt{4 - x^2}, -1 \le x \le 1]
      

    

    
      In problems #4–6 find the area of the surface generated by revolving the curve about the [image: y-]axis.
    

    
      	
        [image:  x = 7y + 2, 0 \le y \le 3]
      

      	
        [image:  x = y^3, 0 \le y \le 8]
      

      	
        [image:  x = \sqrt{9 - y^2}, -2 \le y \le 2]
      

      	Show that the surface area of a sphere of radius [image: r] is [image:  4\pi r^2].
      

      	Show that the lateral area [image: S] of a right circular cone of height [image: h] and base radius [image: r] is
        
          [image:  S = \pi r \sqrt{r^2 + h^2}.]
        

      

    

    
      Review Answers
    

    
      	
        [image:  3 \pi \sqrt{10}]
      

      	
        [image:  \approx 112]
      

      	
        [image:  8 \pi]
      

      	
        [image:  75 \pi \sqrt{50}]
      

      	
        [image:  \approx 823165.5]
      

      	
        [image:  24\pi]
      

      	.
      

      	.
      

    

    
      Applications from Physics, Engineering, and Statistics
    

    
      Learning Objectives
    

    
      A student will be able to:
    

    
      	Learn how to apply definite integrals to several applications from physics, engineering, and applied mathematics such as work, fluids statics, and probability.
      

    

    
      In this section we will show how the definite integral can be used in different applications. Some of the concepts may sound new to the reader, but we will explain what you need to comprehend as we go along. We will take three applications: The concepts, of work from physics, fluid statics from engineering, and the normal probability from statistics.
    

    
      Work
    

    
      Work in physics is defined as the product of the force and displacement. Force and displacement are vector quantities, which means they have a direction and a magnitude. For example, we say the compressor exerts a force of [image: 200\;\mathrm{Newtons}\ (N)] upward. The magnitude here is [image: 200 \;\mathrm{N}] and the direction is upward. Lowering a book from an upper shelf to a lower one by a distance of [image: 0.5\;\mathrm{meters}] away from its initial position is another example of the vector nature of the displacement. Here, the magnitude is [image: 0.5\;\mathrm{m}] and the direction is downward, usually indicated by a minus sign, i.e., a displacement of [image: -0.5\;\mathrm{m}]. The product of those two vector quantities (called the inner product, see Chapter 10) gives the work done by the force. Mathematically, we say
    

    
      [image: W = Fd,]
    

    
      where [image: F] is the force and [image: d] is the displacement. If the force is measured in Newtons and distance is in meters, then work is measured in the units of energy which is in joules [image: (\mathrm{J}).]
    

    
      Example 1:
    

    
      You push an empty grocery cart with a force of [image: 44 \;\mathrm{N}] for a distance of [image: 12\;\mathrm{meters.}] How much work is done by you (the force)?
    

    
      Solution:
    

    
      Using the formula above,
    

    
      [image: W & = Fd\ & = (44) (12)\ & = 528 \ \text{J.}]
    

    
      Example 2:
    

    
      A librarian displaces a book from an upper shelf to a lower one. If the vertical distance between the two shelves is [image: 0.5\;\mathrm{meters}] and the weight of the book is [image: 5\;\mathrm{Newtons}] . How much work is done by the librarian?
    

    
      Solution:
    

    
      In order to be able to lift the book and move it to its new position, the librarian must exert a force that is at least equal to the weight of the book. In addition, since the displacement is a vector quantity, then the direction must be taken into account. So,
    

    
      [image: d = -0.5\ \text{meters}.]
    

    
      Thus
    

    
      [image: W & = Fd\ & = (5)(-0.5)\ & = -2.5 \ \text{J.}]
    

    
      Here we say that the work is negative since there is a loss of gravitational potential energy rather than a gain in energy. If the book is lifted to a higher shelf, then the work is positive, since there will be a gain in the gravitational potential energy.
    

    
      Example 3:
    

    
      A bucket has an empty weight of [image: 23 \;\mathrm{N}]. It is filled with sand of weight [image: 80 \;\mathrm{N}] and attached to a rope of weight [image: 5.1 \;\mathrm{N/m}]. Then it is lifted from the floor at a constant rate to a height [image: 32\;\mathrm{meters}] above the floor. While in flight, the bucket leaks sand grains at a constant rate, and by the time it reaches the top no sand is left in the bucket. Find the work done:
    

    
      	by lifting the empty bucket;
      

      	by lifting the sand alone;
      

      	by lifting the rope alone;
      

      	by the lifting the bucket, the sand, and the rope together.
      

    

    
      Solution:
    

    
      1. The empty bucket. Since the bucket’s weight is constant, the worker must exert a force that is equal to the weight of the empty bucket. Thus
    

    
      [image: W & = Fd\ & = (23) (+32)\ & = 736 \ \text{J.}]
    

    
      2. The sand alone. The weight of the sand is decreasing at a constant rate from [image: 80\;\mathrm{N}] to [image: 0\;\mathrm{N}] over the [image: 32-\;\mathrm{meter}] lift. When the bucket is at [image: x\;\mathrm{meters}] above the floor, the sand weighs
    

    
      [image: F(x) & = [\text{original weight of sand}][\text{proportion left at elevation} \ x]\ & = 80 \left (\frac{32 - x} {32}\right )\ & = 80 \left (1 - \frac{x} {32}\right )\ & = 80 - 2.5x \ \text{N.}]
    

    
      The graph of [image: F(x) = 80 - 2.5x] represents the variation of the force with height [image: x] (Figure 23). The work done corresponds to computing the area under the force graph.
    

    
      
        [image: ]
      

      
        Figure 5.32
      

    

    
      Thus the work done is
    

    
      [image: W & = \int_{a}^{b} F(x) dx\ & = \int_{0}^{32} [80 - 2.5x] dx\ & = \left [80x - \frac{2.5} {2} x^2\right ]^{32}_{0}\ & = 1280 \ \text{J.}]
    

    
      3. The rope alone. Since the weight of the rope is [image: 5.1\;\mathrm{N/m}] and the height is [image: 32\;\mathrm{meters}] , the total weight of the rope from the floor to a height of [image: 32\;\mathrm{meters}] is
    

    
      [image: (5.1)(32) = 163.2 \ \text{N.}]
    

    
      But since the worker is constantly pulling the rope, the rope’s length is decreasing at a constant rate and thus its weight is also decreasing as the bucket being lifted. So at [image: x\;\mathrm{meters}], the [image: (32-x)\;\mathrm{meters}] there remain to be lifted of weight [image: F(x) = (5.1)(32 - x) \;\mathrm{N}]. Thus the work done to lift the weight of the rope is
    

    
      [image: W & = \int_{0}^{32} F(x) dx = \int_{0}^{35} (5.1) (32 - x)dx\ W & = (5.1) \left [32x - \frac{x^2} {2}\right ]^{32}_{0}\ & = 2611.2 \ \text{J.}]
    

    
      4. The bucket, the sand, and the rope together. Here we are asked to sum all the work done on the empty bucket, the sand, and the rope. Thus
    

    
      [image:  W_{total} = 736 + 1280 + 2611.2 = 4627.2 \ \text{J.}]
    

    
      Fluid Statics: Pressure
    

    
      You have probably studied that pressure is defined as the force per area
    

    
      [image: P = \frac{F} {A},]
    

    
      which has the units of Pascals [image: (\mathrm{Pa})] or Newtons per meter squared, [image: \mathrm{Pa = N/m^2}.] In the study of fluids, such as water pressure on a dam or water pressure in the ocean at a depth [image: h,] another equivalent formula can be used. It is called the liquid pressure [image: P] at depth [image: h]:
    

    
      [image: P = wh.]
    

    
      where [image: w] is the weight density, which is the weight of the column of water per unit volume. For example, if you are diving in a pool, the pressure of the water on your body can be measured by calculating the total weight that the column of water is exerting on you times your depth. Another way to express this formula, the weight density [image: w,] is defined as
    

    
      [image: w = \rho g,]
    

    
      where [image:  \rho] is the density of the fluid and [image: g] is the acceleration due to gravity (which is [image: g = 9.8] [image: \;\mathrm{m/sec}^2] on Earth). The pressure then can be written as
    

    
      [image: P = wh = \rho gh.]
    

    
      Example 4:
    

    
      What is the total pressure experienced by a diver in a swimming pool at a depth of [image: 2\;\mathrm{meters}] ?
    

    
      Solution
    

    
      First we calculate the fluid pressure the water exerts on the diver at a depth of [image: 2\;\mathrm{meters}] :
    

    
      [image: P = \rho gh.]
    

    
      The density of water is [image:  \rho = 1000\;\mathrm{kg/m}^3], thus
    

    
      [image: P & = (1000)(9.8)(2)\ & = 19600 \ \text{Pa.}]
    

    
      The total pressure on the diver is the pressure due to the water plus the atmospheric pressure. If we assume that the diver is located at sea-level, then the atmospheric pressure at sea level is about [image: 10^5\;\mathrm{Pa}] . Thus the total pressure on the diver is
    

    
      [image: P_{total}& = P_{water} + P_{atm}\ & = 19600 + 10^5\ & = 119600\ & = 1.196 \times 10^5 \ \text{Pa.}]
    

    
      Example 5:
    

    
      What is the fluid pressure (excluding the air pressure) and force on the top of a flat circular plate of radius [image: 3\;\mathrm{meters}] that is submerged horizontally at a depth of [image: 10\;\mathrm{meters}] ?
    

    
      Solution:
    

    
      The density of water is [image:  \rho = 1000\;\mathrm{kg/m}^3]. Then
    

    
      [image: P & = \rho g h\ & = (1000) (9.8) (10)\ & = 98000 \ \text{Pa.}]
    

    
      Since the force is [image: F = PA,] then
    

    
      [image: F & = PA\ & = P \cdot \pi r^2\ & = (98000) (\pi) (3)^2\ & = 2.77 \times 10^6 \ \text{N}.]
    

    
      As you can see, it is easy to calculate the fluid force on a horizontal surface because each point on the surface is at the same depth. The problem becomes a little complicated when we want to calculate the fluid force or pressure if the surface is vertical. In this situation, the pressure is not constant at every point because the depth is not constant at each point. To find the fluid force or pressure on a vertical surface we must use calculus.
    

    
      The Fluid Force on a Vertical Surface
    

    
      Suppose a flat surface is submerged vertically in a fluid of weight density w and the submerged portion of the surface extends from [image: x = a] to [image: x = b] along the vertical [image: x-]axis, whose positive direction is taken as downward. If [image: L(x)] is the width of the surface and [image: h(x)] is the depth of point [image: x,] then the fluid force [image: F] is defined as
    

    
      [image: F = \int_{a}^{b} wh (x) L (x) dx.]
    

    
      Example 6:
    

    
      A perfect example of a vertical surface is the face of a dam. We can picture it as a rectangle of a certain height and certain width. Let the height of the dam be [image: 100\;\mathrm{meters}] and of width of [image: 300\;\mathrm{ meters}]. Find the total fluid force exerted on the face if the top of the dam is level with the water surface (Figure 24).
    

    
      
        [image: ]
      

      
        Figure 5.33
      

    

    
      Solution:
    

    
      Let [image: x =] the depth of the water. At an arbitrary point [image: x] on the dam, the width of the dam is [image: L(x) = 300\;\mathrm{m}] and the depth is [image: h(x) = xm] . The weight density of water is
    

    
      [image: w_{water} & = \rho g\ & = (1000) (9.8)\ & = 9800\ \text{N/m}^2.]
    

    
      Using the fluid force formula above,
    

    
      [image: F & = \int_{a}^{b} wh (x) L (x) dx\ & = \int_{0}^{100} (9800) (x) (300) dx\ & = 2.94 \times 10^6 \int^{100}_{0} x dx\ & = 2.94 \times 10^6 \left [\frac{x^2} {2}\right ]^{100}_0\ & = 1.47 \times 10^{10} \ \text{N.}]
    

    
      Normal Probabilities
    

    
      If you were told by the postal service that you will receive the package that you have been waiting for sometime tomorrow, what is the probability that you will receive it sometime between 3:00 PM and 5:00 PM if you know that the postal service’s hours of operations are between 7:00 AM to 6:00 PM?
    

    
      If the hours of operations are between 7 AM to 6 PM, this means they operate for a total of [image: 11\;\mathrm{hours}]. The interval between 3 PM and 5 PM is [image: 2 \;\mathrm{hours}], and thus the probability that your package will arrive is
    

    
      [image: P & = \frac{2\ \text{hours}} {11\ \text{hours}} = 0.182\ & = 18.2\%]
    

    
      So there is a probability of [image: 18.2 \%] that the postal service will deliver your package sometime between the hours of 3 PM and 5 PM (or during any [image: 2-\mathrm{hour}] interval). That is easy enough. However, mathematically, the situation is not that simple. The [image: 11-\mathrm{hour}] interval and the [image: 2-\mathrm{hour}] interval contain an infinite number of times. So how can one infinity over another infinity produce a probability of [image: 18.2 \%]? To resolve this issue, we represent the total probability of the [image: 11-\mathrm{hour}] interval as a rectangle of area [image: 1] (Figure 25). Looking at the [image: 2-\mathrm{hour}] interval, we can see that it is equal to [image:  \frac{2}{11}] of the total rectangular area [image: 1.] This is why it is convenient to represent probabilities as areas. But since areas can be defined by definite integrals, we can also define the probability associated with an interval [image: [a, b]] by the definite integral
    

    
      
        [image: ]
      

      
        Figure 5.34
      

    

    
      [image: P = \int_{a}^{b} f(x) dx,]
    

    
      where [image: f(x)] is called the probability density function (pdf). One of the most useful probability density functions is the normal curve or the Gaussian curve (and sometimes the bell curve) (Figure 26). This function enables us to describe an entire population based on statistical measurements taken from a small sample of the population. The only measurements needed are the mean [image: ( \mu)] and the standard deviation [image:  (\sigma)]. Once those two numbers are known, we can easily find the normal curve by using the following formula.
    

    
      
        [image: ]
      

      
        Figure 5.35
      

    

    
      The Normal Probability Density Function
    

    
      The Gaussian curve for a population with mean [image: \mu] and standard deviation [image:  \sigma] is given by
    

    
      [image: f(x) = \frac{1} {\sigma \sqrt{2\pi}} e^{-(x - \mu)^2/(2 \sigma^2)},]
    

    
      where the factor [image:  1/(\sigma \sqrt{2\pi})] is called the normalization constant. It is needed to make the probability over the entire space equal to [image: 1.] That is,
    

    
      [image: P (-\infty < x < \infty) = \int_{-\infty}^{+\infty} \frac{1} {\sigma \sqrt{2 \pi}}e^{-(x - \mu)^2/(2\sigma^2)} = 1.]
    

    
      Example 7:
    

    
      Suppose that boxes containing [image: 100] tea bags have a mean weight of [image: 10.2\;\mathrm{ounces}] each and a standard deviation of [image: 0.1\;\mathrm{ounce}.]
    

    
      	What percentage of all the boxes is expected to weigh between [image: 10] and [image: 10.5\;\mathrm{ounces}] ?
      

      	What is the probability that a box weighs less than [image: 10\;\mathrm{ounces}] ?
      

      	What is the probability that a box will weigh exactly [image: 10\;\mathrm{ounces}] ?
      

    

    
      Solution:
    

    
      1. Using the normal probability density function,
    

    
      [image: f(x) = \frac{1} {\sigma \sqrt{2 \pi}} e^{-(x - \mu)^2/(2\sigma^2)}.]
    

    
      Substituting for [image:  \mu = 10.2] and [image:  \sigma = 0.1,] we get
    

    
      [image: f(x) = \frac{1} {(0.1) \sqrt{2\pi}}e^{-(x - 10.2)^2/(2(0.1)^2)}.]
    

    
      The percentage of all the tea boxes that are expected to weight between [image: 10] and [image: 10.5] ounces can be calculated as
    

    
      [image: P(10 \le x \le 10.5) = \int_{10}^{10.5} \frac{1} {(0.1) \sqrt{2 \pi}} e^{-(x - 10.2)^2/(2(0.1)^2)} dx.]
    

    
      The integral of [image:  e^{x^2}] does not have an elementary anti-derivative and therefore cannot be evaluated by standard techniques. However, we can use numerical techniques, such as The Simpson’s Rule or The Trapeziod Rule, to find an approximate (but very accurate) value. Using the programing feature of a scientific calculator or, mathematical software, we eventually get
    

    
      [image: \int_{10}^{10.5} \frac{1} {(0.1)\sqrt{2\pi}} e^{-(x - 10.2)^2/(2(0.1)^2)}dx \approx 0.976.]
    

    
      That is,
    

    
      [image: P(10 \le x \le 10.2) \approx 97.6\%.]
    

    
      Technology Note: To make this computation with a graphing calculator of the TI-83/84 family, do the following:
    

    
      	From the [DISTR] menu (Figure 27) select option 2, which puts the phrase "normalcdf" in the home screen. Add lower bound, upper bound, mean, standard deviation, separated by commas, close the parentheses, and press [ENTER]. The result is shown in Figure 28.
      

    

    
      
        [image: ]
      

      
        Figure 5.36
      

    

    
      
        [image: ]
      

      
        Figure 5.37
      

    

    
      2. For the probability that a box weighs less than [image: 10.2\;\mathrm{ounces}], we use the area under the curve to the left of [image: x = 10.2.] Since the value of [image: f(9)] is very small (less than a billionth),
    

    
      [image: f(9) & = \frac{1} {(0.1)\sqrt{2\pi}} e^{-(9 - 10.2)^2/(2(0.1)^2)}dx \ & = 1.35 \times 10^{-32},]
    

    
      getting the area between [image: 9] and [image: 10] will yield a fairly good answer. Integrating numerically, we get
    

    
      [image: P(9 \le x \le 10) & = \int_{9}^{10} \frac{1} {(0.1)\sqrt{2\pi}} e^{-(x - 10.2)^2/(2(0.1)^2)}dx\\ P(9 \le x \le 10.2) & \approx 0.02275 \ & = 2.28\%,]
    

    
      which says that we would expect [image: 2.28 \%] of the boxes to weigh less than [image: 10\;\mathrm{ounces}.]
    

    
      3. Theoretically the probability here will be exactly zero because we will be integrating from [image: 10] to [image: 10,] which is zero. However, since all scales have some error (call it [image:  \epsilon]), practically we would find the probability that the weight falls between [image: 10 - \epsilon] and [image: 10 + \epsilon].
    

    
      Example 8:
    

    
      An Intelligence Quotient or IQ is a score derived from different standardized tests attempting to measure the level of intelligence of an adult human being. The average score of the test is [image: 100] and the standard deviation is [image: 15.]
    

    
      	What is the percentage of the population that has a score between [image: 85] and [image: 115]?
      

      	What percentage of the population has a score above [image: 140]?
      

    

    
      Solution:
    

    
      1. Using the normal probability density function,
    

    
      [image: f(x) = \frac{1} {\sigma \sqrt{2\pi}} e^{-(x - \mu)^2/(2\sigma^2)},]
    

    
      and substituting [image:  \mu = 100] and [image:  \sigma = 15,]
    

    
      [image: f(x) = \frac{1} {15 \sqrt{2 \pi}}e^{-(x - 100)^2/(2(15)^2)}.]
    

    
      The percentage of the population that has a score between [image: 85] and [image: 115] is
    

    
      [image: P(85 \le x \le 115) = \int_{85}^{115} \frac{1} {15 \sqrt{2 \pi}}e^{-(x - 100)^2/(2(15)^2)}.]
    

    
      Again, the integral of [image:  e^{-x^2}] does not have an elementary anti-derivative and therefore cannot be evaluated. Using the programing feature of a scientific calculator or a mathematical computer software, we get
    

    
      [image: \int_{85}^{115} \frac{1} {15 \sqrt{2 \pi}}e^{-(x - 100)^2/(2(15)^2)} dx \approx 0.68.]
    

    
      That is,
    

    
      [image: P(85 \le x \le 115) \approx 68\%.]
    

    
      Which says that [image: 68 \%] of the population has an IQ score between [image: 85] and [image: 115.]
    

    
      2. To measure the probability that a person selected randomly will have an IQ score above [image: 140],
    

    
      [image: P(x \ge 140) = \int_{140}^{\infty} \frac{1} {15 \sqrt{2 \pi}}e^{-(x - 100)^2/(2(15)^2)} dx.]
    

    
      This integral is even more difficult to integrate since it is an improper integral. To avoid the messy work, we can argue that since it is extremely rare to meet someone with an IQ score of over [image: 200,] we can approximate the integral from [image: 140] to [image: 200.] Then
    

    
      [image: P(x \ge 140) \approx \int_{140}^{200} \frac{1} {15 \sqrt{2 \pi}}e^{-(x - 100)^2/(2(15)^2)} dx.]
    

    
      Integrating numerically, we get
    

    
      [image: P(x \ge 140) \approx 0.0039.]
    

    
      So the probability of selecting at random a person with an IQ score above [image: 140] is [image: 0.39 \%]. That’s about one person in every [image: 250] individuals!
    

    
      Multimedia Links
    

    
      For a video presentation of an application of integration involving consumer and producer surplus (14.0), see Math Video Tutorials by James Sousa, Consumer and Producer Surplus (10:22). 
    

    
      
        [image: video_image]
      

      
        http://mathispower4u.wordpress.com/ (Click here to watch the video)
      

    

    
      For video presentations of work and Hooke's Law (14.0)(16.0), see Just Math Tutoring, Work and Hooke's Law, Example 1 (5:00)
    

    
      
        [image: video_image]
      

      
        Work and Hooke's Law. In this video, I briefly discuss how to calculate work, discuss Hooke's Law, and then do one simple example calculating work. (Click here to watch the video)
      

    

    
      and Just Math Tutoring, Work and Hooke's Law, Example 2 (6:52). 
    

    
      
        [image: video_image]
      

      
        Work and Hooke's Law. In this video, I do another example of finding work used to stretch a spring. (Click here to watch the video)
      

    

    
      For a video that uses calculus to explain centripetal acceleration (16.0), see Khan Academy, Centripetal Acceleration (10:14). 
    

    
      
        [image: video_image]
      

      
        Using calculus and vectors to show that centripetal acceleration = v^2/r (Click here to watch the video)
      

    

    
      For an economics application involving equilibrium point (14.0), see Math Video Tutorials by James Sousa, Equilibrium Point (4:58). 
    

    
      
        [image: video_image]
      

      
        http://mathispower4u.wordpress.com/ (Click here to watch the video)
      

    

    
      For economics applications involving future and present values (14.0), see Math Video Tutorials by James Sousa, Future and Present Value, Part 1 (6:51)
    

    
      
        [image: video_image]
      

      
        http://mathispower4u.wordpress.com/ (Click here to watch the video)
      

    

    
      ; Math Video Tutorials by James Sousa, Future and Present Value, Part 2 (4:45). 
    

    
      
        [image: video_image]
      

      
        http://mathispower4u.wordpress.com/ (Click here to watch the video)
      

    

    
      Review Questions
    

    
      	A particle moves along the [image: x-]axis by a force
        
          [image:  F(x) = \frac{1} {x^2 + 1}.]
        

        
          If the particle has already moved a distance of [image: 10\;\mathrm{meters }] from the origin, what is the work done by the force?
        

      

      	A force of [image: \cos \left(\frac{\pi x} {2}\right)] acts on an object when it is [image: x\;\mathrm{meters}] away from the origin. How much work is done by this force in moving the object from [image: x = 1] to [image: x = 5\;\mathrm{meters}] ?
      

      	In physics, if the force on an object varies with distance then work done by the force is defined as (see Example 5.15)
        
          [image:  W = \int_{a}^{b} F(r) dr.]
        

        
          That is, the work done corresponds to computing the area under the force graph. For example, the strength of the gravitational field varies with the distance [image: r] from the Earth’s center. If a satellite of mass [image: m] is to be launched into space, then the force experienced by the satellite during and after launch is
        

        
          [image:  F(r) = G\frac{mM} {r^2},]
        

        
          where [image:  M = 6 \times 10^{24}\;\mathrm{kg}] is the mass of the Earth and [image:  G = 6.67\times10^{-11}\;\mathrm{\frac{Nm^2} {kg^2}}] is the Universal Gravitational Constant. If the mass of the satellite is [image: 1000 \;\mathrm{kg}] and we wish to lift it to an altitude of [image: 35,780 \;\mathrm{km}] above the Earth’s surface, how much work is needed to lift it? (Radius of Earth is [image: 6370 \;\mathrm{km}.])
        

      

      	
        Hook’s Law states that when a spring is stretched [image: x] units beyond its natural length it pulls back with a force
        
          [image: F(x) = kx,]
        

        
          where [image: k] is called the spring constant or the stiffness constant. To calculate the work required to stretch the spring a length [image: x] we use
        

        
          [image:  W = \int_{a}^{b} F(x) dx,]
        

        
          where [image: a] is the initial displacement of the spring ([image: a = 0] if the spring is initially unstretched) and [image: b] is the final displacement. A force of [image: 5 \;\mathrm{N}] is exerted on a spring and stretches it [image: 1 \;\mathrm{m}] beyond its natural length.
        

        
          	Find the spring constant [image: k.]
          

          	How much work is required to stretch the spring [image: 1.8 \;\mathrm{m}] beyond its natural length?
          

        

      

      	When a force of [image: 30 \;\mathrm{N}] is applied to a spring, it stretches it from a length of [image: 12 \;\mathrm{cm}] to [image: 15 \;\mathrm{cm}.] How much work will be done in stretching the spring from [image: 12 \;\mathrm{cm}] to [image: 20 \;\mathrm{cm}]? (Hint: read the first part of problem #4 above.)
      

      	A flat surface is submerged vertically in a fluid of weight density [image: w.] If the weight density [image: w] is doubled, is the force on the plate also doubled? Explain.
      

      	The bottom of a rectangular swimming pool, whose bottom is an inclined plane, is shown below. Calculate the fluid force on the bottom of the pool when it is filled completely with water.
        
          
            [image: ]
          

          
            Figure 5.38
          

        

      

      	Suppose [image: f(x)] is the probability density function for the lifetime of a manufacturer’s light bulb, where [image: x] is measured in hours. Explain the meaning of each integral.
        
          	
            [image:  \int_{1000}^{5000}f(x) dx]
          

          	
            [image:  \int_{3000}^{\infty} f(x) dx]
          

        

      

      	The length of time a customer spends waiting until his/her entre is served at a certain restaurant is modeled by an exponential density function with an average time of [image: 8\;\mathrm{minutes}.]
        
          	What is the probability that a customer is served in the first [image: 3\;\mathrm{ minutes}]?
          

          	What is the probability that a customer has to wait more than [image: 10\;\mathrm{ minutes}] ?
          

        

      

      	The average height of an adult female in Los Angeles is [image: 63.4\;\mathrm{inches}] ([image: 5\;\mathrm{feet}] [image: 3.4\;\mathrm{inches}]) with a standard deviation of [image: 3.2\;\mathrm{inches}] .
        
          	What is the probability that a female’s height is less than [image: 63.4\;\mathrm{inches}] ?
          

          	What is the probability that a female’s height is between [image: 63] and [image: 65\;\mathrm{inches}] ?
          

          	What is the probability that a female’s height is more than [image: 6\;\mathrm{feet}] ?
          

          	What is the probability that a female’s height is excatly [image: 5\;\mathrm{feet}] ?
          

        

      

    

    
      Review Answers
    

    
      	
        [image: 1.471 \;\mathrm{J}]
      

      	
        [image: 0 \;\mathrm{J}]
      

      	
        [image: 5 \times 10^{10} \;\mathrm{J}]
      

      	
        
          	
            [image: k = 5 \;\mathrm{N/m}]
          

          	
            [image: 8.1 \;\mathrm{J}]
          

        

      

      	
        [image: 3.2 \;\mathrm{J}]
      

      	Yes. To explain why, ask how [image: w] and [image: F] are mathematically related.
      

      	
        [image: 63,648 \;\mathrm{N}]
      

      	
        
          	The probability that a randomly chosen light bulb will have a lifetime between [image: 1000] and [image: 5000\;\mathrm{hours}].
          

          	The probability that a randomly chosen light bulb will have a lifetime of at least [image: 3000\;\mathrm{hours}].
          

        

      

      	
        
          	
            [image: 31 \%]
          

          	
            [image: 29 \%]
          

        

      

      	
        
          	
            [image: 50 \%]
          

          	
            [image: 24 \%]
          

          	
            [image: 0.36 \%]
          

          	almost [image: 0 \%]
          

        

      

    

    
      Texas Instruments Resources
    

    
      In the CK-12 Texas Instruments Calculus FlexBook, there are graphing calculator activities designed to supplement the objectives for some of the lessons in this chapter. See http://www.ck12.org/flexr/chapter/9730.
    

  
    
      Chapter 7: Integration Techniques
    

    
      Integration by Substitution
    

    
      Each basic rule of integration that you have studied so far was derived from a corresponding differentiation rule. Even though you have learned all the necessary tools for differentiating exponential, logarithmic, trigonometric, and algebraic functions, your set of tools for integrating these functions is not yet complete. In this chapter we will explore different ways of integrating functions and develop several integration techniques that will greatly expand the set of integrals to which the basic integration formulas can be applied. Before we do that, let us review the basic integration formulas that you are already familiar with from previous chapters.
    

    
      1. The Power Rule [image: (n \neq -1)]:
    

    
      [image: \int x^n dx = \frac{x^n + 1} {n + 1} + C.]
    

    
      2. The General Power Rule [image: (n \neq -1)]:
    

    
      [image: \int u^n \frac{du} {dx} dx = \int u^n du = \frac{u^{n + 1}} {n + 1} + C.]
    

    
      3. The Simple Exponential Rule:
    

    
      [image: \int e^x dx = e^x + C.]
    

    
      4. The General Exponential Rule:
    

    
      [image: \int e^u \frac{du} {dx} dx = \int e^u du = e^u + C.]
    

    
      5. The Simple Log Rule:
    

    
      [image: \int \frac{1} {x} dx = \ln |x| + C.]
    

    
      6. The General Log Rule:
    

    
      [image: \int \frac{du/dx} {u} dx = \int \frac{1} {u} du = \ln |u|+ C.]
    

    
      It is important that you remember the above rules because we will be using them extensively to solve more complicated integration problems. The skill that you need to develop is to determine which of these basic rules is needed to solve an integration problem.
    

    
      Learning Objectives
    

    
      A student will be able to:
    

    
      	Compute by hand the integrals of a wide variety of functions by using the technique of [image: u-]substitution.
      

      	Apply the [image: u-]substitution technique to definite integrals.
      

      	Apply the [image: u-]substitution technique to trig functions.
      

    

    
      Probably one of the most powerful techniques of integration is integration by substitution. In this technique, you choose part of the integrand to be equal to a variable we will call [image: u] and then write the entire integrand in terms of [image: u.] The difficulty of the technique is deciding which term in the integrand will be best for substitution by [image: u.] However, with practice, you will develop a skill for choosing the right term.
    

    
      Recall from Chapter 2 that if [image: u] is a differentiable function of [image: x] and if [image: n] is a real number and [image: n \neq -1,] then the Chain Rule tells us that
    

    
      [image: \frac{d} {dx} [u^n] = nu^{n - 1} \frac{du} {dx}.]
    

    
      The reverse of this formula is the integration formula,
    

    
      [image: \int u^n du = \frac{u^{n + 1}} {n + 1} + C, n \ne -1.]
    

    
      Sometimes it is not easy to integrate directly. For example, look at this integral:
    

    
      [image: \int (5x - 2)^2 dx.]
    

    
      One way to integrate is to first expand the integrand and then integrate term by term.
    

    
      [image: \int (5x - 2)^2 dx & = \int (25x^2 - 20x + 4)dx\ & = 25 \int x^2 dx - 20 \int x dx + \int 4 dx\ & = \frac{25} {3} x^3 - 10x^2 + 4x + C.]
    

    
      That is easy enough. However, what if the integral was
    

    
      [image: \int (5x - 2)^{15} dx?]
    

    
      Would you still expand the integrand and then integrate term by term? That would be impractical and time-consuming. A better way of doing this is to change the variables. Changing variables can often turn a difficult integral, such as the one above, into one that is easy to integrate. The method of doing this is called integration by substitution, or for short, the [image: u]-substitution method. The examples below will show you how the method is used.
    

    
      Example 1:
    

    
      Evaluate [image: \int (x + 1)^5 dx.]
    

    
      Solution:
    

    
      Let [image: u = x + 1.] Then [image: du = d(x + 1) = 1dx = dx.] Substituting for [image: u] and [image: du] we get
    

    
      [image: \int (x + 1)^5 dx = \int u^5 du.]
    

    
      Integrating using the power rule,
    

    
      [image: = \frac{u^6} {6} + C.]
    

    
      Since [image: u = x + 1,] substituting back,
    

    
      [image: = \frac{(x + 1)^6} {6} + C.]
    

    
      Example 2:
    

    
      Evaluate [image: \int \sqrt{4x + 3}dx.]
    

    
      Solution:
    

    
      Let [image: u = 4x + 3.] Then [image: du = 4dx.] Solving for [image: dx,]
    

    
      [image: dx & = du/4.]
    

    
      Substituting,
    

    
      [image: & = \int u^{1/2}\cdot \frac{1} {4} dx\ & = \frac{1} {4} \int u^{1/2} dx\ & = \frac{1} {4} \frac{u^{3/2}} {3/2} + C.]
    

    
      Simplifying,
    

    
      [image: & = \frac{1} {6} u^{3/2} + C\ & = \frac{1} {6} (4x + 3)^{3/2} + C.]
    

    
      Trigonometric Integrands
    

    
      We can apply the change of variable technique to trigonometric functions as long as [image: u] is a differentiable function of [image: x.] Before we show how, recall the basic trigonometric integrals:
    

    
      [image: \int \cos u du & = \sin u + C,\ \int \sin u du & = -\cos u + C,\ \int \sec^2 u du & = \tan u + C,\ \int \csc^2 u du & = -\cot u + C,\ \int (\sec u) (\tan u) du & = \sec u + C,\ \int (\csc u) (\cot u) du & = -\csc u + C.]
    

    
      Example 3:
    

    
      Evaluate [image: \int \cos(3x + 2)dx.]
    

    
      Solution:
    

    
      The argument of the cosine function is [image: 3x + 2.] So we let [image: u = 3x + 2.] Then [image: du = 3dx,] or [image: dx = du/3.]
    

    
      Substituting,
    

    
      [image: \int \cos(3x + 2)dx & = \int \cos u \cdot \frac{1} {3} dx\ & = \frac{1} {3} \int \cos u dx.]
    

    
      Integrating,
    

    
      [image: & = \frac{1} {3} \sin u + C\ & = \frac{1} {3} \sin(3x + 2) + C.]
    

    
      Example 4:
    

    
      This example requires us to use trigonometric identities before we substitute. Evaluate
    

    
      [image: \int \frac{1} {cos^2 3x} dx.]
    

    
      Solution:
    

    
      Since [image: \sec 3x = \frac{1} {\cos 3x}], the integral becomes
    

    
      [image: \int \frac{1} {cos^2 3x} dx = \int \sec^2 3x dx.]
    

    
      Substituting for the argument of the secant, [image: u = 3x,] then [image: du = 3dx,] or [image: dx = du/3.] Thus our integral becomes,
    

    
      [image: \int \sec^2 u . \frac{1} {3} du & = \frac{1} {3} \int \sec^2 u du\ & = \frac{1} {3} \tan u + C\ & = \frac{1} {3} \tan(3x) + C.]
    

    
      Some integrations of trigonometric functions involve the logarithmic functions as a solution, as shown in the following example.
    

    
      Example 5:
    

    
      Evaluate [image: \int \tan x dx].
    

    
      Solution:
    

    
      As you may have guessed, this is not a straightforward integration. We need to make use of trigonometric identities to simplify it. Since [image: \tan x = \sin x/\cos x,]
    

    
      [image: \int \tan x dx = \int \frac{\sin x} {\cos x} dx.]
    

    
      Now make a change of variable [image: x.] Choose [image: u = \cos x.] Then [image: du = -\sin x dx,] or [image: dx = -du/\sin x.] Substituting,
    

    
      [image: \int \frac{\sin x} {\cos x} dx & = \int \frac{\sin x} {u} \left (\frac{-du} {\sin x} \right)\ & = -\int \frac{du} {u}.]
    

    
      This integral should look obvious to you. The integrand is the derivative of the natural logarithm [image: \ln u.]
    

    
      [image: & = -\ln|u| + C\ & = -\ln|\cos x| + C.]
    

    
      Another way of writing it, since [image: -\ln |u| = \ln \frac{1} {|u|}], is
    

    
      [image: & = \ln \left |\frac{1} {\cos x}\right | + C\ & = \ln |\sec x| + C.]
    

    
      Using Substitution on Definite Integrals
    

    
      Example 6:
    

    
      Evaluate [image: \int_1^3 \frac{x} {\sqrt{2x - 1}} dx.]
    

    
      Solution:
    

    
      Let [image: u = 2x - 1.] Then [image: du = 2dx,] or [image: dx = du/2.] Before we substitute, we need to determine the new limits of integration in terms of the [image: u] variable. To do so, we simply substitute the limits of integration into [image: u = 2x - 1]:
    

    
      Lower limit: For [image: x = 1, u = 2(1) - 1 = 1.]
    

    
      Upper limit: For [image: x = 3, u = 2(3) - 1 = 5.]
    

    
      We now substitute [image: u] and the associated limits into the integral:
    

    
      [image: \int_1^5 \frac{x} {\sqrt{u}} \frac{du} {2}.]
    

    
      As you may notice, the variable [image: x] is still hanging there. To write it in terms of [image: u,] since [image: u = 2x - 1,] solving for [image: x,] we get, [image: x = (u + 1)/(2).] Substituting back into the integral,
    

    
      [image: & = \int_1^5 \frac{u + 1} {2\sqrt{u}} \frac{du} {2}\ & = \frac{1} {4} \int_1^5 \frac{u + 1} {\sqrt{u}} du\ & = \frac{1} {4} \int_1^5 (u + 1) u^{-1/2} du\ & = \frac{1} {4} \int_1^5 (u^{1/2} + u^{-1/2}) du\ & = \frac{1} {4} \left [\frac{2u^{3/2}} {3} + \frac{2u^{1/2}} {1} \right]_1^5.]
    

    
      Applying the Fundamental Theorem of Calculus by inserting the limits of integration and calculating,
    

    
      [image: = \frac{1} {4} \left ( \left [\frac{2(5)^{3/2}} {3} + \frac{2(5)^{1/2}} {1} \right] - \left [\frac{2(1)^{3/2}} {3} + \frac{2(1)^{1/2}} {1} \right] \right ).]
    

    
      Calculating and simplifying, we get
    

    
      [image: = \frac{4\sqrt{5} - {2}} {3}.]
    

    
      We could have chosen [image: u = \sqrt{2x - 1}] instead. You may want to try to solve the integral with this substitution. It might be easier and less tedious.
    

    
      Example 7:
    

    
      Let’s try the substitution method of definite integrals with a trigonometric integrand.
    

    
      Evaluate [image: \int_0^{\pi/4} \tan x \sec^2 x dx].
    

    
      Solution:
    

    
      Try [image: u = \tan x.] Then [image: du = \sec^2 x dx, dx = du/ \sec^2 x.]
    

    
      Lower limit: For [image: x = 0, u = \tan 0 = 0.]
    

    
      Upper limit: For [image: x = \pi/4, u = \tan \frac{\pi} {4} = 1.]
    

    
      Thus
    

    
      [image: \int_0^{\pi/4} \tan x \sec^2 x dx & = \int_0^1 u du\ & = \left [\frac{u^2} {2} \right]_0^1\ & = \frac{1} {2} - 0 = \frac{1} {2}.]
    

    
      Multimedia Links
    

    
      For video presentations on integration by substitution (17.0), see Math Video Tutorials by James Sousa, Integration by Substitution, Part 1 of 2 (9:42)
    

    
      
        [image: video_image]
      

      
        This video shows how to use substitution to integrate. http://mathispower4u.yolasite.com/ (Click here to watch the video)
      

    

    
      and Math Video Tutorials by James Sousa, Integration by Substitution, Part 2 of 2 (8:17). 
    

    
      
        [image: video_image]
      

      
        This video shows how to use substitution to integrate. http://mathispower4u.yolasite.com/ (Click here to watch the video)
      

    

    
      Review Questions
    

    
      In the following exercises, evaluate the integrals.
    

    
      	
        [image: \int \frac{3} {(x - 8)^2} dx]
      

      	
        [image: \int \sqrt{2 + x} dx]
      

      	
        [image: \int \frac{1} {\sqrt{2 + x}} dx]
      

      	
        [image: \int \frac{x^2} {x + 1} dx]
      

      	
        [image: \int \frac{e^{-x}} {e^{-x} + 2} dx]
      

      	
        [image: \int \frac{3\sqrt{t} + 5} {t} dt]
      

      	
        [image: \int \frac{2} {\sqrt{3x - 1}} dx]
      

      	
        [image: \int \sin x \cos x dx]
      

      	
        [image: \int \cos x \sqrt{1 - \cos^2 x} dx]
      

      	
        [image: \int \sin^5 x \cos x dx]
      

      	
        [image: \int x^3 \cos 4x^4 dx]
      

      	
        [image: \int \sec^2(2x + 4) dx]
      

      	
        [image: \int_0^2 xe^{x^2} dx]
      

      	
        [image: \int_0^{\sqrt{\pi}} x \sin x^2 dx]
      

      	
        [image: \int_0^1 x(x + 5)^4 dx]
      

    

    
      Review Answers
    

    
      	
        [image: \frac{-3} {x - 8} + C]
      

      	
        [image: \frac{2} {3} (2 + x)^{3/2} + C]
      

      	
        [image: 2\sqrt{2 + x} + C]
      

      	
        [image: \frac{x^2} {2} - x - \frac{3} {2} + \ln |x + 1| + C]
      

      	
        [image:  -\ln |e^x + 2| + C]
      

      	
        [image: 6\sqrt{t} + 5 \ln |t| + C]
      

      	
        [image: \frac{4} {3} \sqrt{3x - 1} + C]
      

      	
        [image: \frac{1} {2} \sin^2 x + C]
      

      	
        [image: \frac{-1} {2} \cos^2 x + C]
      

      	
        [image: \frac{1} {6} \sin^6 x + C ]
      

      	
        [image: \frac{1} {16} \sin 4x^4 + C]
      

      	
        [image: \frac{1} {2} \tan(2x + 4) + C]
      

      	
        [image: \frac{1} {2} (e^4 - 1)]
      

      	
        [image: 1]
      

      	
        [image: 520\frac{5}{6}]
      

    

    
      Integration By Parts
    

    
      Learning Objectives
    

    
      A student will be able to:
    

    
      	Compute by hand the integrals of a wide variety of functions by using technique of Integration by Parts.
      

      	Combine this technique with the [image: u-]substitution method to solve integrals.
      

      	Learn to tabulate the technique when it is repeated.
      

    

    
      In this section we will study a technique of integration that involves the product of algebraic and exponential or logarithmic functions, such as
    

    
      [image: \int x \ln x dx]
    

    
      and
    

    
      [image: \int x e^x dx.]
    

    
      Integration by parts is based on the product rule of differentiation that you have already studied:
    

    
      [image: \frac{d} {dx} [uv] = u \frac{dv} {dx} + v \frac{du} {dx}.]
    

    
      If we integrate each side,
    

    
      [image: uv & = \int u \frac{dv} {dx} dx + \int v \frac{du} {dx} dx\ & = \int u dv + \int v du.]
    

    
      Solving for [image: \int u dv,]
    

    
      [image: \int u dv & = u v - \int vdu.]
    

    
      This is the formula for integration by parts. With the proper choice of [image: u] and [image: dv,] the second integral may be easier to integrate. The following examples will show you how to properly choose [image: u] and [image: dv.]
    

    
      Example 1:
    

    
      Evaluate [image: \int x \sin x dx].
    

    
      Solution:
    

    
      We use the formula [image: \int u dv = uv - \int v du].
    

    
      Choose
    

    
      [image: u =x]
    

    
      and
    

    
      [image: dv = \sin x dx.]
    

    
      To complete the formula, we take the differential of [image: u] and the simplest antiderivative of [image: dv = \sin x dx.]
    

    
      [image: du & = dx\ v & = -\cos x.]
    

    
      The formula becomes
    

    
      [image: \int x \sin x dx & = -x \cos x - \int (-\cos x)dx\ & = -x \cos x + \int \cos x dx\ & = -x \cos x + \sin x + C.]
    

    
      A Guide to Integration by Parts
    

    
      Which choices of [image: u] and [image: dv] lead to a successful evaluation of the original integral? In general, choose [image: u] to be something that simplifies when differentiated, and [image: dv] to be something that remains manageable when integrated. Looking at the example that we have just done, we chose [image: u = x] and [image: dv = \sin x dx.] That led to a successful evaluation of our integral. However, let’s assume that we made the following choice,
    

    
      [image: u & = \sin x\ dv & = x dx.]
    

    
      Then
    

    
      [image: du & = \cos x dx\ v & = x^2/2.]
    

    
      Substituting back into the formula to integrate, we get
    

    
      [image: \int u dv & = u v - \int v du\ & = \sin x \frac{x^2} {2} - \int \frac{x^2} {2} \cos x dx]
    

    
      As you can see, this integral is worse than what we started with! This tells us that we have made the wrong choice and we must change (in this case switch) our choices of [image: u] and [image: dv.]
    

    
      Remember, the goal of the integration by parts is to start with an integral in the form [image: \int u dv] that is hard to integrate directly and change it to an integral [image: \int v du] that looks easier to evaluate. However, here is a general guide that you may find helpful:
    

    
      	Choose [image: dv] to be the more complicated portion of the integrand that fits a basic integration formula. Choose [image: u] to be the remaining term in the integrand.
      

      	Choose [image: u] to be the portion of the integrand whose derivative is simpler than [image: u.] Choose [image: dv] to be the remaining term.
      

    

    
      Example 2:
    

    
      Evaluate [image: \int x e^x dx.]
    

    
      Solution:
    

    
      Again, we use the formula [image: \int u dv = uv - \int v du].
    

    
      Let us choose
    

    
      [image: u = x]
    

    
      and
    

    
      [image: dv = e^xdx.]
    

    
      We take the differential of [image: u] and the simplest antiderivative of [image: dv = e^xdx]:
    

    
      [image: du & = dx\ v & = e^x.]
    

    
      Substituting back into the formula,
    

    
      [image: \int u dv & = uv - \int v du\ & = x e^x - \int e^x dx.]
    

    
      We have made the right choice because, as you can see, the new integral [image: \int v du = \int e^x dx] is definitely simpler than our original integral. Integrating, we finally obtain our solution
    

    
      [image: \int x e^x dx = x e^x - e^x + C.]
    

    
      Example 3:
    

    
      Evaluate [image: \int \ln x dx].
    

    
      Solution:
    

    
      Here, we only have one term, [image: \ln x.] We can always assume that this term is multiplied by [image: 1]:
    

    
      [image: \int \ln x 1 dx.]
    

    
      So let [image: u = \ln x,] and [image: dv = 1dx.] Thus [image: du = 1/x dx] and [image: v = x.] Substituting,
    

    
      [image: \int u dv & = u v - \int v du\ \int \ln x dx & = x \ln x - \int x \frac{1} {x} dx\ & = x \ln x - \int 1 dx\ & = x \ln x - x + C.]
    

    
      Repeated Use of Integration by Parts
    

    
      Oftentimes we use integration by parts more than once to evaluate the integral, as the example below shows.
    

    
      Example 4:
    

    
      Evaluate [image: \int x^2 e^x dx].
    

    
      Solution:
    

    
      With [image: u = x^2, dv = e^x dx, du = 2xdx,] and [image: v = e^x,] our integral becomes
    

    
      [image: \int x^2 e^x dx = x^2 e^x - 2 \int x e^x dx.]
    

    
      As you can see, the integral has become less complicated than the original, [image: x^2 e^x \rightarrow x e^x]. This tells us that we have made the right choice. However, to evaluate [image: \int xe^x dx] we still need to integrate by parts with [image: u = x] and [image: dv = e^x dx.] Then [image: du = dx] and [image: v = e^x,] and
    

    
      [image: \int x^2 e^x dx & = x^2 e^x - 2 \int x e^x dx\ & = x^2 e^x - 2 \left [ uv - \int u dv \right ]\ & = x^2 e^x - 2 \left [x e^x - \int e^x dx \right]\ & = x^2 e^x - 2x e^x + 2 e^x + C.]
    

    
      Actually, the method that we have just used works for any integral that has the form [image: \int x^n e^x dx], where [image: n] is a positive integer. The following section illustrates a systematic way of solving repeated integrations by parts.
    

    
      Tabular Integration by Parts
    

    
      Sometimes, we need to integrate by parts several times. This leads to cumbersome calculations. In situations like these it is best to organize our calculations to save us a great deal of tedious work and to avoid making unpredictable mistakes. The example below illustrates the method of tabular integration.
    

    
      Example 5:
    

    
      Evaluate [image: \int x^2 \sin 3x dx].
    

    
      Solution:
    

    
      Begin as usual by letting [image: u = x^2] and [image: dv = \sin 3x dx.] Next, create a table that consists of three columns, as shown below:
    

    
      
        
          	
            Alternate signs
          
          	
            [image: u] and its derivatives
          
          	
            [image: dv] and its antiderivatives
          
        

      
      
        
          	
            [image: +]
          
          	
            [image: x^2 \searrow]
          
          	
            [image:  \sin 3x]
          
        

        
          	
            [image: -]
          
          	
            [image: 2x \searrow]
          
          	
            [image: \frac{-1} {3} \cos 3x]
          
        

        
          	
            [image: +]
          
          	
            [image: 2 \searrow]
          
          	
            [image: \frac{-1} {9} \sin 3x]
          
        

        
          	
            [image: -]
          
          	
            [image: 0]
          
          	
            [image: \frac{1} {27} \cos 3x]
          
        

      
    

    
      To find the solution for the integral, pick the sign from the first row [image: (+),] multiply it by [image: u] of the first row [image: (x^2)] and then multiply by the [image: dv] of the second row, [image: -1/3 \cos 3x] (watch the direction of the arrows.) This is the first term in the solution. Do the same thing to obtain the second term: Pick the sign from the second row, multiply it by the [image: u] of the same row and then follow the arrow to multiply the product by the [image: dv] in the third row. Eventually we obtain the solution
    

    
      [image: \int x^2 \sin 3x dx = \frac{-1} {3} x^2 \cos 3x + \frac{2} {9} x \sin 3x + \frac{2} {27} \cos 3x + C.]
    

    
      Solving for an Unknown Integral
    

    
      There are some integrals that require us to evaluate two integrations by parts, followed by solving for the unknown integral. These kinds of integrals crop up often in electrical engineering and other disciplines.
    

    
      Example 6:
    

    
      Evaluate [image: \int e^x \cos x dx].
    

    
      Solution:
    

    
      Let [image: u = e^x,] and [image: dv = \cos x dx.] Then [image: du = e^x dx, v = \sin x,] and
    

    
      [image: \int e^x \cos x dx = e^x \sin x - \int e^x \sin x dx.]
    

    
      Notice that the second integral looks the same as our original integral in form, except that it has a [image: \sin x] instead of [image: \cos x.] To evaluate it, we again apply integration by parts to the second term with [image: u = e^x, dv = \sin x dx, v = -\cos x,] and [image: du = e^x dx.]
    

    
      Then
    

    
      [image: \int e^x \cos x dx & = e^x \sin x - \left [-e^x \cos x - \int (-\cos x)(e^x dx) \right]\ & = e^x \sin x - e^x \cos x - \int e^x \cos x dx.]
    

    
      Notice that the unknown integral now appears on both sides of the equation. We can simply move the unknown integral on the right to the left side of the equation, thus adding it to our original integral:
    

    
      [image: 2 \int e^x \cos x dx = e^x \sin x + e^x \cos x + C.]
    

    
      Dividing both sides by [image: 2,] we obtain
    

    
      [image: \int e^x \cos x dx = \frac{1} {2} e^x \sin x + \frac{1} {2} e^x \cos x + \frac{1} {2} C.]
    

    
      Since the constant of integration is just a “dummy” constant, let [image: \frac{C} {2} \rightarrow C.]
    

    
      Finally, our solution is
    

    
      [image: \int e^x \cos x dx = \frac{1} {2} e^x \sin x + \frac{1} {2} e^x \cos x + C.]
    

    
      Multimedia Links
    

    
      To see this same "classic" example worked out with narration 17.0, see Khan Academy Indefinite Integration Series Part 7 (9:39). 
    

    
      
        [image: video_image]
      

      
        Another example using integration by parts. (Click here to watch the video)
      

    

    
      For additional video presentations on integration by parts 17.0, see Math Video Tutorials by James Sousa, Integration by Parts, Basic (7:08)
    

    
      
        [image: video_image]
      

      
        This video starts with some pretty basic integration by parts examples. I have 2 other videos that show some more involved examples. http://mathispower4u.wordpress.com/ (Click here to watch the video)
      

    

    
      ; Math Video Tutorials by James Sousa, Integration by Parts (10:03)
    

    
      
        [image: video_image]
      

      
        These examples are a little more involved then the Integration by Part - The Basics http://mathispower4u.wordpress.com/ (Click here to watch the video)
      

    

    
      ; Math Video Tutorials by James Sousa, Integration by Parts, Additional Examples (7:47). 
    

    
      
        [image: video_image]
      

      
        http://mathispower4u.wordpress.com/ (Click here to watch the video)
      

    

    
      Review Questions
    

    
      Evaluate the following integrals. (Remark: Integration by parts is not necessarily a requirement to solve the integrals. In some, you may need to use [image: u-]substitution along with integration by parts.)
    

    
      	
        [image: \int 3x e^x dx]
      

      	
        [image: \int x^2 e^{-x} dx]
      

      	
        [image: \int \ln(3x + 2)dx]
      

      	
        [image: \int \sin^{-1} x dx]
      

      	
        [image: \int \sec^3 x dx]
      

      	
        [image: \int 2x \ln(3x) dx]
      

      	
        [image: \int \frac{(ln x)^2} {x} dx]
      

      	Use both the method of [image: u-]substitution and the method of integration by parts to integrate the integral below. Both methods will produce equivalent answers. [image: \int x \sqrt{5x - 2} dx]
      

      	Use the method of tabular integration by parts to solve [image: \int x^2 e^{5x} dx.]
      

      	Evaluate the definite integral [image: \int_0^1 x^2 e^x dx].
      

      	Evaluate the definite integral [image: \int_1^3 \ln(x + 1) dx].
      

    

    
      Review Answers
    

    
      	
        [image: 3xe^{x} -3 e^{x} + C]
      

      	
        [image:  -e^{-x} (x^2 + 2x + 2) + C]
      

      	
        [image: \frac{3x + 2} {3} [\ln |3x + 2| - 1] + C]
      

      	
        [image: x \sin^{-1} x + \sqrt{1 - x^2} + C]
      

      	
        [image: \frac{1} {2} (\sec x) (\tan x) + \frac{1} {2} \ln | \sec x + \tan x| + C]
      

      	
        [image:  x^2 \ln |3x| - \frac{1} {2} x^2 + C]
      

      	
        [image: \frac{1} {3} (\ln x)^3 + C]
      

      	
        [image: \frac{2} {125} (5x - 2)^{5/2} + \frac{4}{75}(5x - 2)^{3/2} + C]
      

      	
        [image: e^{5x} \left [ \frac{x^2} {5} - \frac{2x} {25} + \frac{2} {125} \right] + C]
      

      	
        [image:  e - 2]
      

      	
        [image: 6 \ln 2 + 2]
      

    

    
      Integration by Partial Fractions
    

    
      Learning Objectives
    

    
      A student will be able to:
    

    
      	Compute by hand the integrals of a wide variety of functions by using technique of Integration by Partial Fractions.
      

      	Combine the technique of partial fractions with [image: u-]substitution to solve various integrals.
      

    

    
      This is the third technique that we will study. This technique involves decomposing a rational function into a sum of two or more simple rational functions. For example, the rational function
    

    
      [image: \frac{x + 4} {x^2 + x - 2}]
    

    
      can be decomposed into
    

    
      [image: \frac{x + 4} {x^2 + x - 2} = \frac{2} {x + 2} + \frac{3} {x - 1}.]
    

    
      The two partial sums on the right are called partial factions. Suppose that we wish to integrate the rational function above. By decomposing it into two partial fractions, the integral becomes manageable:
    

    
      [image: \int \frac{x + 4} {x^2 + x - 2} dx &= \int \left (\frac{2} {x + 2} + \frac{3} {x - 1} \right)\ &= 2 \int \frac{1} {x + 1} dx + 3 \int \frac{1} {x - 1} dx\ &= 2 \ln |x + 1| + 3 \ln |x - 1| + C.]
    

    
      To use this method, we must be able to factor the denominator of the original function and then decompose the rational function into two or more partial fractions. The examples below illustrate the method.
    

    
      Example 1:
    

    
      Find the partial fraction decomposition of
    

    
      [image: \frac{2x - 19} {x^2 + x - 6}.]
    

    
      Solution:
    

    
      We begin by factoring the denominator as [image: x^2 + x - 6 = (x + 3)(x - 2).] Then write the partial fraction decomposition as
    

    
      [image: \frac{2x - 19} {x^2 + x - 6} = \frac{A} {x + 3} + \frac{B} {x - 2}.]
    

    
      Our goal at this point is to find the values of [image: A] and [image: B]. To solve this equation, multiply both sides of the equation by the factored denominator [image: (x + 3)(x - 2).] This process will produce the basic equation.
    

    
      [image: 2x - 19 = A(x - 2) + B(x + 3).]
    

    
      This equation is true for all values of [image: x.] The most convenient values are the ones that make a factor equal to zero, namely, [image: x = 2] and [image: x = -3.] Substituting [image: x = 2,]
    

    
      [image: 2(2)-19 & = A(2-2)+ B(2+3)\ -15 & = 0+5B\ -3 & = B]
    

    
      Similarly, substituting for [image: x = -3] into the basic equation we get
    

    
      [image: 2(-3)-19 & = A(-3-2)+ B(-3+3)\ -25 & = -5A+0\ 5 & = A]
    

    
      We have solved the basic equation by finding the values of [image: A] and [image: B.] Therefore, the partial fraction decomposition is
    

    
      [image: \frac {2x-19}{x^2+x-6}=\frac {5}{x+3}-\frac {3}{x-2}.]
    

    
      General Description of the Method
    

    
      To be able to write a rational function [image: f(x)/g(x)] as a sum of partial fractions, must apply two conditions:
    

    
      	The degree of [image: f(x)] must be less than the degree of [image: g(x).] If so, the rational function is called proper. If it is not, divide [image: f(x)] by [image: g(x)] (use long division) and work with the remainder term.
      

      	The factors of [image: g(x)] are known. If not, you need to find a way to find them. The guide below shows how you can write [image: f(x)/g(x)] as a sum of partial fractions if the factors of [image: g(x)] are known.
      

    

    
      A Guide to Finding Partial Fractions Decomposition of a Rational Function
    

    
      1. To find the partial fraction decomposition of a proper rational function, [image: f(x)/g(x),] factor the denominator [image: g(x)] and write an equation that has the form
    

    
      [image: \frac {f(x)}{g(x)} = (\text{sum of partial fractions}.)]
    

    
      2. For each distinct factor [image: ax + b,] the right side must include a term of the form
    

    
      [image: \frac {A}{ax+b}.]
    

    
      3. For each repeated factor [image: (ax + b)^n,] the right side must include n terms of the form
    

    
      [image: \frac {A_1}{(ax+b)}+ \frac {A_2}{(ax+b)^{2}} + \frac {A_3}{(ax+b)^{3}} +\ldots+ \frac {A_n}{(ax+b)^{n}}.]
    

    
      Example 2:
    

    
      Use the method of partial fractions to evaluate [image: \int \frac {x+1}{(x+2)^2} dx] .
    

    
      Solution:
    

    
      According to the guide above (item #3), we must assign the sum of [image: n = 2] partial sums:
    

    
      [image: \frac {x+1}{(x+2)^2}= \frac {A}{(x+2)} + \frac {B}{(x+2)^2}.]
    

    
      Multiply both sides by [image: (x + 2)^2:]
    

    
      [image: x+1 & = A(x+2) + B \ x+1 & = Ax+(2A+B).]
    

    
      Equating the coefficients of like terms from both sides,
    

    
      [image: 1 & = A \ 1 & = 2A+B.]
    

    
      Thus
    

    
      [image: A & = 1. \ B & = -1.]
    

    
      Therefore the partial fraction decomposition is
    

    
      [image: \frac {x+1}{(x+2)^2} = \frac {1}{x+2} - \frac {1}{(x+2)^2}.]
    

    
      The integral will become
    

    
      [image: \int \frac {x+1}{(x+2)^2} dx &= \int \left ( \frac{1}{x+2} - \frac {1}{(x+2)^2} \right)\ &= \int \frac {1}{x+2} dx - \int \frac {1}{(x+2)^2} dx\ &= { \ln}\begin{vmatrix} {x+2} \end{vmatrix} + \frac {1}{x+1} +c,]
    

    
      where we have used [image: u-]substitution for the second integral.
    

    
      Example 3:
    

    
      Evaluate [image: \int \frac {3x^2+3x+1}{x^3+2x^2+x} dx] .
    

    
      Solution:
    

    
      We begin by factoring the denominator as [image: x(x + 1)^2.] Then the partial fraction decomposition is
    

    
      [image: \frac {3x^2+3x+1}{x^3+2x^2+x} = \frac {A}{x} + \frac {B}{x+1} + \frac {C}{(x+1)^2}.]
    

    
      Multiplying each side of the equation by [image: x(x + 1)^2] we get the basic equation
    

    
      [image: 3x^2+3x+1 = A(x+1)^2 + Bx(x+1) + Cx.]
    

    
      This equation is true for all values of [image: x.] The most convenient values are the ones that make a factor equal to zero, namely, [image: x = -1] and [image: x = 0.]
    

    
      Substituting [image: x = -1,]
    

    
      [image: 3(-1)^2 +3(-1)+1 & = A(-1+1)^2 + B(-1)(-1+1) + C(-1) \ 1 & = 0 + 0 -C \ -1 & = C.]
    

    
      Substituting [image: x = 0],
    

    
      [image: 3(0)^2 +3(0)+1 & = A(0+1)^2 + B(0)(0+1) + C(0) \ 1 & = A+0+0 \ 1 & = A.]
    

    
      To find [image: B] we can simply substitute any value of [image: x] along with the values of [image: A] and [image: C] obtained.
    

    
      Choose [image: x = 1]:
    

    
      [image: 3(1)^2 +3(1)+1 & = A(1+1)^2 + B(1)(1+1) + C(1) \ 7 & = 4 + 2B -1 \ 2 & = B.]
    

    
      Now we have solved for [image: A, B,] and [image: C.] We use the partial fraction decomposition to integrate.
    

    
      [image: \int \frac {3x^2+3x+1}{x^3+2x^2+x} dx . & = \int \left ( \frac{1}{x} + \frac {2}{x+1} - \frac {1}{(x+1)^2}\right ) dx\ & = { \ln}\begin{vmatrix} {x} \end{vmatrix} + 2 { \ln}\begin{vmatrix} {x+1} \end{vmatrix} + \frac {1}{x+1} + C.]
    

    
      Example 4:
    

    
      This problem is an example of an improper rational function. Evaluate the definite integral
    

    
      [image: \int_{1}^{2} \frac {x^3-4x^2-3x+3}{x^2-3x} dx.]
    

    
      Solution:
    

    
      This rational function is improper because its numerator has a degree that is higher than its denominator. The first step is to divide the denominator into the numerator by long division and obtain
    

    
      [image: \frac {x^3-4x^2-3x+3}{x^2-3x} = {(x-1)} + \frac {-6x+3}{x^2-3x}.]
    

    
      Now apply partial function decomposition only on the remainder,
    

    
      [image: \frac {-6x+3}{x^2-3x} = \frac {-6x+3}{x(x-3)} = \frac {A}{x} + \frac {B}{x-3}.]
    

    
      As we did in the previous examples, multiply both sides by [image: x(x-3)] and then set [image: x = 0] and [image: x = 3] to obtain the basic equation
    

    
      [image: -6x+3= A(x-3)+ Bx]
    

    
      For [image: x = 0,]
    

    
      [image: 3 & = -3A+0\ -1 & = A.]
    

    
      For [image: x = 3,]
    

    
      [image: -18+3 & = 0+3B \ -15 & = 3B \ -5 & = B.]
    

    
      Thus our integral becomes
    

    
      [image: \int_{1}^{2} \frac {x^3 -4x^2 -3x + 3}{x^2 - 3x} dx = \int_{1}^{2} \left [ (x - 1) + \frac {-6x + 3}{x^2 - 3x} \right ] dx = \int_{1}^{2} \left [ {x - 1} - \frac {1}{x} - \frac {5}{x-3} \right] dx.]
    

    
      Integrating and substituting the limits,
    

    
      [image: & = \left [ \frac{x^2}{2} -x- { \ln}\begin{vmatrix} {x}\end{vmatrix} - 5 { \ln}\begin{vmatrix} {x - 3} \end{vmatrix} \right ]_1^2\ & = \left ( \frac{4}{2} - 2 -{ \ln}{2} - 5 { \ln}{1} \right ) - \left ( \frac{1}{2} - 1 - { \ln}{1} - 5 { \ln}{2} \right )\ & = {4 { \ln}{2} - \frac {1}{2}}.]
    

    
      Multimedia Links
    

    
      For a complete partial fractions problem (19.0), see Integration by Partial Fractions, Just Math Tutoring (6:02)
    

    
      
        [image: video_image]
      

      
        A Complete Partial Fractions Problem! For more free math videos, visit http://PatrickJMT.com (Click here to watch the video)
      

    

    
      and for integration using partial fractions and a rationalizing substitution (19.0), see Integration using Partial Fractions and a rationalizing substitution, Just Math Tutoring (6:06). 
    

    
      
        [image: video_image]
      

      
        Integration Using Partial Fractions and a Rationalizing Substitution. A complete example is shown! For more free videos, check out http://PatrickJMT.com (Click here to watch the video)
      

    

    
      For an extensive presentation on integrating with partial fractions including the completing the square technique (19.0) see Integration with partial fractions using various techniques, MIT Courseware (51:24). 
    

    
      
        [image: video_image]
      

      
        Lecture 30: Integration by parts, reduction formulae Instructor: David Jerison View the complete course at: http://ocw.mit.edu/18-01F06 License: Creative Commons BY-NC-SA More information at http://ocw.mit.edu/terms More courses at http://ocw.mit.edu (Click here to watch the video)
      

    

    
      Review Questions
    

    
      Evaluate the following integrals.
    

    
      	
        [image: \int \frac {1}{x^2 - 1} dx]
      

      	
        [image: \int \frac {x}{x^2 - 2x - 3} dx]
      

      	
        [image: \int \frac {1}{x^3 + x^2-2x} dx]
      

      	
        [image: \int \frac {x^3}{x^2 + 4} dx]
      

      	
        [image: \int_{0}^{1} \frac {\phi}{1 + {\phi}} d{\phi}]
      

      	
        [image: \int_{1}^{5} \frac {x-1}{x^2(x + 1)} dx]
      

      	Evaluate the integral by making the proper [image: u-]substitution to convert to a rational function: [image: \int \frac {cos{\theta}}{\sin^2 {\theta}+ 4\sin {\theta} -5} d{\theta}.]
      

      	Evaluate the integral by making the proper [image: u-]substitution to convert to a rational function: [image: \int \frac {3e^{\theta}}{e^{2 \theta}-1} d{\theta}.]
      

      	Find the area under the curve [image: y = 1/(2 + e^x),] over the interval [image: [ - { \ln}3, { \ln}4 ].] (Hint: make a [image: u-]substitution to convert the integrand into a rational function.)
      

      	Show that [image: \int \frac {1}{a^2-x^2}dx = \frac {1}{2a} { \ln}{\left|\frac{a + x}{a - x}\right|} + C.]
      

    

    
      Review Answers
    

    
      	
        [image: \frac {1}{2} { \ln}\begin{vmatrix}{\frac{x-1}{x+1}} \end{vmatrix} + C]
      

      	
        [image: \frac {1}{4} { \ln}\begin{vmatrix}{x+1} \end{vmatrix} + \frac {3}{4} { \ln}\begin{vmatrix}{x-3} \end{vmatrix} + C]
      

      	
        [image: \frac {1}{6} { \ln}\begin{vmatrix}{x+2} \end{vmatrix} + \frac {1}{3} { \ln}\begin{vmatrix}{x-1} \end{vmatrix} - \frac {1}{2} { \ln}\begin{vmatrix}{x} \end{vmatrix} + C]
      

      	
        [image: \frac {1}{2} x^2 - 2 { \ln}(x^2+4) +C]
      

      	
        [image:  {1-{ \ln}2}]
      

      	
        [image: \frac {-4}{5} + 2 { \ln}\frac {5}{3}]
      

      	
        [image: \frac {1}{6} { \ln}\left ( \frac{\sin {\theta}-1}{5+\sin {\theta}} \right ) + C]
      

      	
        [image: \frac {3}{2} { \ln}\begin{vmatrix}{e^{\theta}-1} \end{vmatrix} + \frac {3}{2} { \ln}\begin{vmatrix}{e^{\theta}+1} \end{vmatrix} + C]
      

      	
        [image: \frac {1}{2} { \ln}\frac {14}{3}]
      

      	
        Hint: Decompose the integrand into partial fractions.
      

    

    
      Trigonometric Integrals
    

    
      Learning Objectives
    

    
      A student will be able to:
    

    
      	Compute by hand the integrals of a wide variety of functions by using the Trigonometric Integrals.
      

      	Combine this technique with [image: u-]substitution.
      

    

    
      Integrating Powers of Sines and Cosines
    

    
      In this section we will study methods of integrating functions of the form
    

    
      [image: \int {\sin^m {x}} {\cos^n {x}} dx,]
    

    
      where [image: m] and [image: n] are nonnegative integers. The method that we will describe uses the famous trigonometric identities
    

    
      [image: {\sin^2{x}} = \frac {1}{2} (1-\cos {2x})] and
    

    
      [image: {\cos^2{x}} = \frac {1}{2} (1+\cos {2x}).]
    

    
      Example 1:
    

    
      Evaluate [image: \int {\sin^2 {x}} dx] and [image: \int {\cos^2 {x}} dx.]
    

    
      Solution:
    

    
      Using the identities above, the first integral can be written as
    

    
      [image: \int \sin^2 x dx & = \int \frac{1} {2} (1 - \cos 2x)dx\ & = \int \frac{1} {2} - (1 - \cos 2x)dx\ & = \frac{1} {2} (x - \frac{1} {2} \sin 2x) + C\ & = \frac{x} {2} - \frac{1} {4} \sin 2x + C.]
    

    
      Similarly, the second integral can be written as
    

    
      [image: \int \cos^2 x dx & = \int \frac{1} {2} (1 + \cos 2x)dx\ & = \frac{1} {2} \int (1 + \cos 2x)dx\ & = \frac{1} {2} \left (x + \frac{1} {2} \sin 2x\right ) + C\ & = \frac{x} {2} + \frac{1} {4} \sin 2x + C.]
    

    
      Example 2:
    

    
      Evaluate [image: \int \cos^4 x dx.]
    

    
      Solution:
    

    
      [image: \int \cos^4 x dx & = \int (\cos^2 x)^2 dx = \int \left (\frac{1} {2} (1 + \cos 2x) \right)^2 dx\ & = \frac{1} {4} \int (1 + 2 \cos 2x + \cos^2 2x)dx\ & = \frac{1} {4} \int \left (1 + 2 \cos 2x + \frac{1} {2} + \frac{1} {2} \cos 4x\right )dx\ & = \frac{1} {4} \int \left (\frac{3} {2} + 2 \cos 2x + \frac{1} {2} \cos 4x\right )dx.]
    

    
      Integrating term by term,
    

    
      [image: & = \frac{1} {4} \left [\frac{3} {2}x + \sin 2x + \frac{1} {8} \sin 4x \right] + C\ & = \frac{3} {8}x + \frac{1} {4} \sin 2x + \frac{1} {32} \sin 4x + C.]
    

    
      Example 3:
    

    
      Evaluate [image: \int \sin^3 x dx.]
    

    
      Solution:
    

    
      [image: \int \sin^3 x dx = \int \sin^2 x \sin x dx]
    

    
      Recall that [image:  \sin^2 x + \cos^2 x = 1,] so by substitution,
    

    
      [image: & = \int (1 - \cos^2 x) \sin x dx\ & = \int \sin x dx - \int \cos^2 x \sin x dx.]
    

    
      The first integral should be straightforward. The second can be done by the method of [image: u-]substitution by letting [image: u = \cos x,] so [image: du = -\sin x dx.] The integral becomes
    

    
      [image: & = -\cos x - \int \left [-u^2 \sin x \frac{du} {\sin x} \right]\ & = -\cos x + \int u^2du\ & = -\cos x + \frac{u^3} {3} + C\ & = -\cos x + \frac{1} {3} \cos^3 x + C.]
    

    
      If [image: m] and [image: n] are both positive integers, then an integral of the form
    

    
      [image: \int \sin^m x \cos^n x dx]
    

    
      can be evaluated by one of the procedures shown in the table below, depending on whether [image: m] and [image: n] are odd or even.
    

    
      
        
          	
            [image: {\int \sin^m x \cos^n x dx}]
          
          	
            Procedure
          
          	
            Identities
          
        

      
      
        
          	
            [image: n] odd
          
          	
            Let [image: u = \sin x]
          
          	
            [image: \cos^2 x = 1 - \sin^2 x]
          
        

        
          	
            [image: m] odd
          
          	
            Let [image: u = \cos x]
          
          	
            [image: \sin^2 x = 1 - \cos^2 x]
          
        

        
          	
            [image: n] and [image: m] even
          
          	
            Use identities to reduce powers
          
          	
            
              [image: \sin^2 x = (1/2) (1 - \cos 2x)]
            

            
              [image: \cos^2 x = (1/2) (1 + \cos 2x)]
            

          
        

      
    

    
      Example 4:
    

    
      Evaluate [image: \sin^3 x \cos^4 x dx.]
    

    
      Solution:
    

    
      Here, [image: m] is odd. So according to the second procedure in the table above, let [image: u = \cos x,] so [image: du = -\sin x.] Substituting,
    

    
      [image: \int \sin^3 x \cos^4 x dx & = \int u^4 \sin^3 x \frac{-1} {\sin x} du\ & = -\int u^4 \sin^2 x du.]
    

    
      Referring to the table again, we can now substitute [image: \sin^2 x = 1 - \cos^2 x] in the integral:
    

    
      [image: & = -\int u^4(1 - \cos^2 x)du\ & = -\int u^4(1 - u^2)du\ & = \int (-u^4 + u^6)du\ & = \frac{-1} {5} u^5 + \frac{1} {7} u^7 + C\ & = -\frac{1} {5} \cos^5 x + \frac{1} {7} \cos^7 x + C.]
    

    
      Example 5:
    

    
      Evaluate [image: \int \sin^4 x \cos^4 x dx].
    

    
      Solution:
    

    
      Here, [image: m = n = 4.] We follow the third procedure in the table above:
    

    
      [image: \int \sin^4 x \cos^4 x dx & = \int (\sin^2 x)^2 (\cos^2 x)^2 dx\ & = \int \left [\frac{1} {2} (1 - \cos 2x) \right]^2 \left [\frac{1} {2} (1 + \cos 2x) \right]^2 dx\ & = \frac{1} {16} \int (1 - \cos^2 2x)^2 dx\ & = \frac{1} {16} \int \sin^4 2x dx.]
    

    
      At this stage, it is best to use [image: u-]substitution to integrate. Let [image: u = 2x,] so [image: du = 2dx.]
    

    
      [image: \int \sin^4 x \cos^4 x dx & = \frac{1} {32} \int \sin^4 u du\ & = \frac{1} {32} \int (\sin^2 u)^2du = \frac{1} {32} \int \left [\frac{1} {2} (1 - \cos 2u) \right]^2 du\ & = \frac{1} {32} \left (\frac{3} {8}u - \frac{1} {4} \sin 2u + \frac{1} {32} \sin 4u \right) + C\ & = \frac{3} {256}x - \frac{1} {128} \sin 4x + \frac{1} {1024} \sin 8x + C.]
    

    
      Integrating Powers of Secants and Tangents
    

    
      In this section we will study methods of integrating functions of the form
    

    
      [image: \int \tan^m x \sec^n x dx,]
    

    
      where [image: m] and [image: n] are nonnegative integers. However, we will begin with the integrals
    

    
      [image: \int \tan x dx]
    

    
      and
    

    
      [image: \int \sec x dx.]
    

    
      The first integral can be evaluated by writing
    

    
      [image: \int \tan x dx = \int \frac{\sin x} {\cos x} dx.]
    

    
      Using [image: u-]substitution, let [image: u = \cos x,] so [image: du = -\sin x dx.] The integral becomes
    

    
      [image: \int \tan x dx & = \int \frac{\sin x} {u} \frac{-1} {\sin x}\ du & = - \int \frac{1} {u} du = -\ln |u| + C\ &= -\ln |\cos x| + C\ &= \ln(1/|\cos x|) + C\ &= \ln |\sec x| + C.]
    

    
      The second integral [image: \int \sec x dx], however, is not straightforward—it requires a trick. Let
    

    
      [image: \int \sec x dx & = \int \sec x \frac{\sec x + \tan x} {\sec x + \tan x} dx\ & = \int \frac{sec^2 x + \sec x \tan x} {\sec x + \tan x} dx.]
    

    
      Use [image: u-]substitution. Let [image: u = \sec x + \tan x,] then [image: du= (\sec^2 x + \sec x \tan x) dx,] the integral becomes,
    

    
      [image: \int \sec x dx &= \int \frac{du} {u}\ &= \ln |u| + C\ &= \ln |\sec x + \tan x| + C.]
    

    
      There are two reduction formulas that help evaluate higher powers of tangent and secant:
    

    
      [image: \int \sec^n x dx & = \frac{\sec^{n - 2} x \tan x} {n - 1} + \frac{n - 2} {n - 1} \int \sec^{n - 2} x dx,\ \int \tan^m x dx & = \frac{\tan^{m - 1} x} {m - 1} - \int \tan^{m - 2} x dx.]
    

    
      Example 6:
    

    
      Evaluate [image: \int \sec^3 x dx].
    

    
      Solution:
    

    
      We use the formula above by substituting for [image: n = 3.]
    

    
      [image: \int \sec^3 x dx &= \frac{\sec x \tan x} {3 - 1} + \frac{3 - 2} {3 - 1} \int \sec x dx\ &= \frac{1} {2} \sec x \tan x + \frac{1} {2} \int \sec x dx\ &= \frac{1} {2} \sec x \tan x + \frac{1} {2} \ln |\sec x + \tan x| + C.]
    

    
      Example 7:
    

    
      Evaluate [image: \int \tan^5 x dx].
    

    
      Solution:
    

    
      We use the formula above by substituting for [image: m = 5.]
    

    
      [image: \int \tan^5 x dx = \frac{\tan^4 x} {4} - \int \tan^3 x dx.]
    

    
      We need to use the formula again to solve the integral [image: \int \tan^3 x dx]:
    

    
      [image: \int \tan^5 x dx &= \frac{\tan^4 x} {4} - \int \tan^3 x dx\ &= \frac{\tan^4 x} {4} - \left [\frac{\tan^2 x} {2} - \int \tan x dx \right]\ &= \frac{1} {4} \tan^4 x - \frac{1} {2} \tan^2 x - \ln |\cos x| + C.]
    

    
      If [image: m] and [image: n] are both positive integers, then an integral of the form
    

    
      [image: \int \tan^m x \sec^n x dx]
    

    
      can be evaluated by one of the procedures shown in the table below, depending on whether [image: m] and [image: n] are odd or even.
    

    
      
        
          	
            [image: {\int \tan^m x \sec^n x dx}]
          
          	
            Procedure
          
          	
            Identities
          
        

      
      
        
          	
            [image: n] even
          
          	
            Let [image: u= \tan x]
          
          	
            [image: \sec^2 x = \tan^2 x + 1]
          
        

        
          	
            [image: m] odd
          
          	
            Let [image: u = \sec x]
          
          	
            [image: \tan^2 x = \sec^2 x - 1]
          
        

        
          	
            
              [image: m] even
            

            
              [image: n] odd
            

          
          	
            Reduce powers of [image: \sec x]
          
          	
            [image: \tan^2x = \sec^2x - 1]
          
        

      
    

    
      Example 8:
    

    
      Evaluate [image: \int \tan^2 x \sec^4 x dx].
    

    
      Solution:
    

    
      Here [image: n = 4] is even, and so we will follow the first procedure in the table above. Let [image: u = \tan x,] so [image: du = \sec^2 x dx.] Before we substitute, split off a factor of [image: \sec^2 x.]
    

    
      [image: \int \tan^2 x \sec^4 x dx = \int \tan^2 x \sec^2 x \sec^2 x dx.]
    

    
      Since [image: \sec^2 x = \tan^2 x + 1,]
    

    
      [image: = \int \tan^2 x (\tan^2 x + 1) \sec^2 x dx.]
    

    
      Now we make the [image: u-]substitution:
    

    
      [image: & = \int u^2(u^2 + 1)du\ & = \frac{1} {5} u^5 + \frac{1} {3} u^3 + C\ & = \frac{1} {5} \tan^5 x + \frac{1} {3} \tan^3 x + C.]
    

    
      Example 9:
    

    
      Evaluate [image: \int \tan^3 x \sec^3 x dx].
    

    
      Solution:
    

    
      Here [image: m= 3] is odd. We follow the third procedure in the table. Make the substitution, [image: u = \sec x] and [image: du = \sec x \tan x dx.] Our integral becomes
    

    
      [image: \int \tan^3 x \sec^3 x dx & = \int \tan^2 x \sec^2 x (\sec x \tan x) dx\ & = \int (\sec^2 x - 1) \sec^2 x (\sec x \tan x) dx\ & = \int (u^2 - 1)u^2 du\ & = \frac{1} {5} u^5 - \frac{1} {3} u^3 + C\ & = \frac{1} {5} \sec^5 x - \frac{1} {3} \sec^3 x + C.]
    

    
      Multimedia Links
    

    
      For video presentations on computing the integrals of trigonometric functions (20.0), see Trigonometric Integrals, Part 1 (5:57)
    

    
      
        [image: video_image]
      

      
        Trigonometric Integrals - Part 1 of 6. In this video, the 'cookie cutter' case of products of odds powers of sine and/or odd powers of cosine is discussed. For more free math videos, visit http://PatrickJMT.com (Click here to watch the video)
      

    

    
      ; see Trigonometric Integrals, Part 2 (6:01)
    

    
      
        [image: video_image]
      

      
        Trigonometric Integrals - Part 2 of 6. In this video, the 'cookie cutter' case of products of even powers of sine and even powers of cosine is discussed. For more free math videos, visit http://PatrickJMT.com (Click here to watch the video)
      

    

    
      ; see Trigonometric Integrals, Part 3 (5:54)
    

    
      
        [image: video_image]
      

      
        Trigonometric Integrals - Part 3 of 6. In this video, the 'cookie cutter' case of products of even powers of secant and powers of tangent is discussed. For more free math videos, visit http://PatrickJMT.com (Click here to watch the video)
      

    

    
      ; see Trigonometric Integrals, Part 4 (8:57)
    

    
      
        [image: video_image]
      

      
        Trigonometric Integrals - Part 4 of 6. In this video, the 'cookie cutter' case of products of odd powers of tangent and powers of secant is discussed. For more free math videos, visit http://PatrickJMT.com (Click here to watch the video)
      

    

    
      ; see Trigonometric Integrals, Part 5 (5:58)
    

    
      
        [image: video_image]
      

      
        Trigonometric Integrals - Part 5 of 6. In this video, the 'cookie cutter' case of products of sin(mx) and cos(nx) are shown. For more free math videos, visit http://PatrickJMT.com (Click here to watch the video)
      

    

    
      ; see Trigonometric Integrals, Part 6 (8:42). 
    

    
      
        [image: video_image]
      

      
        Trigonometric Integrals - Part 6 of 6. In this video, 3 trigonometric integrals that do not fit any one technique are discussed. For more free math videos, visit http://PatrickJMT.com (Click here to watch the video)
      

    

    
      Review Questions
    

    
      Evaluate the integrals.
    

    
      	
        [image: \int \cos^4 x \sin x dx]
      

      	
        [image: \int \sin^2 5\phi d\phi]
      

      	
        [image: \int \sin^2 2z \cos^3 2z dz ]
      

      	
        [image: \int \sin x \cos(x/2) dx]
      

      	
        [image: \int \sec^4 x \tan^3 x dx]
      

      	
        [image: \int \tan^4 x \sec x dx]
      

      	
        [image: \int \sqrt{\tan x} \sec^4 x dx]
      

      	
        [image: \int_0^{\pi/2} \tan^5 \frac{x} {2} dx]
      

      	Graph and then find the volume of the solid that results when the region enclosed by [image: y = \sin x, y = \cos x, x = 0,] and [image: x = \pi/4] is revolved around the [image: x-]axis.
      

      	
        
          	Prove that [image: \int \csc x dx = -\ln |\csc x + \cot x| + C]
          

          	Show that it can also be written in the following two forms:[image: \int \csc x dx = \ln |\tan \frac{1} {2} x| + C = \ln |\csc x - \cot x| + C.]
          

        

      

    

    
      Review Answers
    

    
      	
        [image: \frac{1} {5} \cos^5 x + C]
      

      	
        [image: \frac{1} {2}\phi - \frac{1} {20} \sin 10\phi + C]
      

      	
        [image: \frac{1} {6} \sin^3 2z - \frac{1} {10} \sin^5 2z + C]
      

      	
        [image: \frac{-1} {3} \cos(\frac{3x} {2} ) - \cos(\frac{x} {2}) + C]
      

      	
        [image: \frac{1} {7} \sec^7 x - \frac{1} {5} \sec^5 x + C]
      

      	
        [image: \frac{1} {4} \sec^3 x \tan x - \frac{5} {8} \sec x \tan x + \frac{3} {8} \ln |\sec x + \tan x| + C]
      

      	
        [image: \frac{2} {3} \tan^{3/2} x + \frac{2} {7} \tan^{7/2} x + C]
      

      	
        [image: \frac{-1} {2} + \ln 2]
      

      	
        [image:  V = \pi/2]
      

      	.
      

    

    
      Trigonometric Substitutions
    

    
      Learning Objectives
    

    
      A student will be able to:
    

    
      	Compute by hand the integrals of a wide variety of functions by using technique of Trigonometric Substitution.
      

      	Combine this technique with other integration techniques to integrate.
      

    

    
      When we are faced with integrals that involve radicals of the forms [image: \sqrt{a^2 - x^2}, \sqrt{x^2 - a^2},] and [image: \sqrt{x^2 + a^2},] we may make substitutions that involve trigonometric functions to eliminate the radical. For example, to eliminate the radical in the expression
    

    
      [image: \sqrt{a^2 - x^2}]
    

    
      we can make the substitution
    

    
      [image: x = a \sin\theta,]
    

    
      [image: -\pi/2 \le \theta \le \pi/2,]
    

    
      (Note: [image: \theta] must be limited to the range of the inverse sine function.)
    

    
      which yields,
    

    
      [image: \sqrt{a^2 - x^2} & = \sqrt{a^2 - a^2 \sin^2 \theta} = \sqrt{a^2(1 - \sin^2 \theta)}\ & = a \sqrt{\cos^2 \theta} = a \cos \theta.]
    

    
      The reason for the restriction [image: -\pi/2 \le \theta \le \pi/2] is to guarantee that [image: \sin \theta] is a one-to-one function on this interval and thus has an inverse.
    

    
      The table below lists the proper trigonometric substitutions that will enable us to integrate functions with radical expressions in the forms above.
    

    
      
        
          	
            Expression in Integrand
          
          	
            Substitution
          
          	
            Identity Needed
          
        

      
      
        
          	
            [image: \sqrt{a^2 - x^2}]
          
          	
            [image: x = a \sin \theta]
          
          	
            [image: 1 - \sin^2 \theta = \cos^2 \theta]
          
        

        
          	
            [image: \sqrt{a^2 + x^2}]
          
          	
            [image: x = a \tan \theta]
          
          	
            [image: 1 + \tan^2 \theta = \sec^2 x]
          
        

        
          	
            [image: \sqrt{x^2 - a^2}]
          
          	
            [image: x = a \sec \theta]
          
          	
            [image: sec^2 \theta - 1 = \tan^2 \theta]
          
        

      
    

    
      In the second column are listed the most common substitutions. They come from the reference right triangles, as shown in the figure below. We want any of the substitutions we use in the integration to be reversible so we can change back to the original variable afterward. The right triangles in the figure below will help us reverse our substitutions.
    

    
      [image: ]
    

    
      Description: 3 triangles.
    

    
      Example 1:
    

    
      Evaluate [image: \int \frac{dx} {x^2 \sqrt{4 - x^2}}.]
    

    
      Solution:
    

    
      Our goal first is to eliminate the radical. To do so, look up the table above and make the substitution
    

    
      [image: x = 2 \sin \theta, -\pi/2 \le \theta \le \pi/2,]
    

    
      so that
    

    
      [image: \frac{dx} {d\theta} = 2 \cos \theta]
    

    
      Our integral becomes
    

    
      [image: \int \frac{dx} {x^2 \sqrt{4 - x^2}} & = \int \frac{2 \cos \theta d\theta} {(2 \sin \theta)^2 \sqrt{4 - 4 \sin^2 \theta}}\ & = \int \frac{2 \cos \theta d\theta} {(2 \sin \theta)^2 (2 \cos \theta)}\ & = \frac{1} {4} \int \frac{d\theta} {\sin^2 \theta}\ & = \frac{1} {4} \int \csc^2 \theta d\theta\ & = - \frac{1} {4} \cot\theta + C.]
    

    
      Up to this stage, we are done integrating. To complete the solution however, we need to express [image: \cot\theta] in terms of [image: x.] Looking at the figure of triangles above, we can see that the second triangle represents our case, with [image: a = 2.] So [image: x = 2 \sin \theta] and [image: 2 \cos \theta = \sqrt{4 - x^2}], thus
    

    
      [image: \cot\theta = \frac{\sqrt{4 - x^2}} {x},]
    

    
      since
    

    
      [image: \cot\theta = \frac{\cos \theta} {\sin \theta}.]
    

    
      so that
    

    
      [image: \int \frac{dx} {x^2 \sqrt{4 - x^2}} & = -\frac{1} {4} \cot\theta + C\ & = - \frac{1} {4} \frac{\sqrt{4 - x^2}} {x} + C.]
    

    
      Example 2:
    

    
      Evaluate [image: \int \frac{\sqrt{x^2 - 3}} {x} dx].
    

    
      Solution:
    

    
      Again, we want to first to eliminate the radical. Consult the table above and substitute [image: x = \sqrt{3} \sec \theta]. Then [image: dx = \sqrt{3} \sec \theta \tan \theta d\theta]. Substituting back into the integral,
    

    
      [image: \int \frac{\sqrt{x^2 - 3}} {x} dx & = \int \frac{\sqrt{3 \sec^2 \theta - 3}} {\sqrt{3} \sec \theta} \sqrt{3} \sec \theta \tan \theta d\theta\ & = \sqrt{3} \int \tan^2 \theta d\theta.]
    

    
      Using the integral identity from the section on Trigonometric Integrals,
    

    
      [image: \int \tan^m x dx = \frac{\tan^{m - 1} x} {m - 1} - \int \tan^{m - 2} x dx.]
    

    
      and letting [image: m = 2] we obtain
    

    
      [image: \int \frac{\sqrt{x^2 - 3}} {x} dx = \sqrt{3} \tan \theta - \theta + C.]
    

    
      Looking at the triangles above, the third triangle represents our case, with [image: a = \sqrt{3}]. So [image: x = \sqrt{3} \sec \theta] and thus [image: \cos x = \sqrt{3}/x], which gives [image: \tan \theta = \sqrt{x^2 - 3}/\sqrt{3}]. Substituting,
    

    
      [image: \int \frac{\sqrt{x^2 - 3}} {x} dx & = \sqrt{3} \tan \theta - \theta + C\ & = \sqrt{x^2 - 3} - \tan^{-1} \left (\frac{\sqrt{x^2 - 3}} {\sqrt{3}} \right) + C.]
    

    
      Example 3:
    

    
      Evaluate [image: \int \frac{dx}{x^{2} \sqrt{x^{2}+1}}].
    

    
      Solution:
    

    
      From the table above, let [image: x = \tan \theta] then [image: dx = \sec^2\theta d\theta.] Substituting into the integral,
    

    
      [image: \int \frac{dx} {x^2 \sqrt{x^2 + 1}} = \int \frac{ \sec^2 \theta d\theta} {\tan^2 \theta \sqrt{\tan^2 \theta + 1}}.]
    

    
      But since [image: \tan^2\theta + 1 = \sec^2\theta,]
    

    
      [image: & = \int \frac{\sec^2 \theta d \theta} {\tan^2 \theta \sec \theta}\ & = \int \frac{\sec \theta} {\tan^2 \theta} d\theta\ & = \int \frac{1} {\cos \theta} \frac{\cos^2 \theta} {\sin^2 \theta} d\theta\ & = \int \cot\theta \csc \theta d\theta.]
    

    
      Since [image: \frac{d} {d\theta} (\csc \theta) = -\cot\theta \csc \theta,]
    

    
      [image: \int \frac{dx} {x^2 \sqrt{x^2 + 1}} & = \int \cot\theta \csc \theta d\theta\ & = -\csc \theta + C.]
    

    
      Looking at the triangles above, the first triangle represents our case, with [image: a = 1.] So [image: x = \tan \theta ] and thus [image: \sin x = \frac{x} {\sqrt{1 + x^2}},] which gives [image: \csc \theta = \frac{\sqrt{1 + x^2}} {x}.] Substituting,
    

    
      [image: \int \frac{dx} {x^2 \sqrt{x^2 + 1}} & = -\csc \theta + C\ & = - \frac{\sqrt{1 + x^2}} {x} + C.]
    

    
      Multimedia Links
    

    
      For video presentations on Trigonometric Substitutions (17.0), see Trigonometric Substitutions, Just Math Tutoring (9:30)
    

    
      
        [image: video_image]
      

      
        Trigonometric Substitution - Example 3 / Part 1 - A harder example of using a trig sub is shown! First, you have to complete the square! YAY! then it gets long! : ) For more free math videos, visit: http://PatrickJMT.com (Click here to watch the video)
      

    

    
      and Trigonometric Substitutions, Part 2, Just Math Tutoring (4:20). 
    

    
      
        [image: video_image]
      

      
        Trigonometric Substitution - Example 3 Part 2. I finish off example 3 part 1! For more free math videos, check out http://PatrickJMT.com (Click here to watch the video)
      

    

    
      Review Questions
    

    
      Evaluate the integrals.
    

    
      	
        [image: \int \sqrt{4 - x^2} dx]
      

      	
        [image: \int \frac{1} {\sqrt{9 + x^2 }} dx]
      

      	
        [image: \int \frac{x^3} {\sqrt{1 - x^2}} dx ]
      

      	
        [image: \int \frac{1} {\sqrt{1 - 9x^2}} dx]
      

      	
        [image: \int x^3 \sqrt{4 - x^2} dx]
      

      	
        [image: \int \frac{1} {x^2 \sqrt{x^2 - 36}} dx]
      

      	
        [image: \int \frac{1} {(x^2 + 25)^2} dx]
      

      	
        [image: \int_0^4 x^3 \sqrt{16 - x^2} dx]
      

      	
        [image: \int_{-\pi}^{0} e^x \sqrt{1 - e^{2x}} dx] (Hint: First use [image: u-]substitution, letting [image: u = e^x])
      

      	Graph and then find the area of the surface generated by the curve [image: y = x^2] from [image: x = 1] to [image: x = 0] and revolved about the [image: x-]axis.
      

    

    
      Review Answers
    

    
      	
        [image: 2 \sin^{-1} \left ( \frac{x} {2}\right ) + \frac{1} {2}x \sqrt{4 - x^2} + C]
      

      	
        [image: \ln (\frac{1}{3}|\sqrt{9 + x^2} + x|) + C ]
      

      	
        [image: \frac{-x^2 \sqrt{1 - x^2}} {3} - \frac{2} {3} \sqrt{1 - x^2} + C]
      

      	
        [image: \frac{1} {3} \sin^{-1} 3x + C]
      

      	
        [image: - \frac{4} {3} (4 - x^2)^{3/2} + \frac{1} {5} (4 - x^2)^{5/2} + C]
      

      	
        [image: \frac{1} {36} \frac{\sqrt{x^2 - 36}} {x} + C]
      

      	
        [image: \frac{1} {50} \frac{x} {x^2 + 25} + \frac{1} {250} \tan^{-1} (x/5) + C]
      

      	
        [image: \frac{2048} {15}]
      

      	
        [image: \frac{1} {2} \left [\frac{\pi} {2}-\sin^{-1} (e^{-\pi}) - e^{-\pi} \sqrt{1 - e^{-2\pi}} \right]]
      

      	Surface area is [image: \frac{\pi} {3} \left [18 \sqrt{5} - \ln(2 + \sqrt{5} ) \right]]
      

    

    
      Improper Integrals
    

    
      Learning Objectives
    

    
      A student will be able to:
    

    
      	Compute by hand the integrals of a wide variety of functions by using the technique of Improper Integration.
      

      	Combine this technique with other integration techniques to integrate.
      

      	Distinguish between proper and improper integrals.
      

    

    
      The concept of improper integrals is an extension to the concept of definite integrals. The reason for the term improper is because those integrals either
    

    
      	include integration over infinite limits or
      

      	the integrand may become infinite within the limits of integration.
      

    

    
      We will take each case separately. Recall that in the definition of definite integral [image: \int_a^b f(x) dx] we assume that the interval of integration [image: [a, b]] is finite and the function [image: f] is continuous on this interval.
    

    
      Integration Over Infinite Limits
    

    
      If the integrand [image: f] is continuous over the interval [image: [a, \infty),] then the improper integral in this case is defined as
    

    
      [image: \int_a^{\infty} f(x) dx = \lim_{l \to \infty} \int_a^l f(x) dx.]
    

    
      If the integration of the improper integral exists, then we say that it converges. But if the limit of integration fails to exist, then the improper integral is said to diverge. The integral above has an important geometric interpretation that you need to keep in mind. Recall that, geometrically, the definite integral [image: \int_a^b f(x) dx] represents the area under the curve. Similarly, the integral [image: \int_a^l f(x) dx] is a definite integral that represents the area under the curve [image: f(x)] over the interval [image: [a, l],] as the figure below shows. However, as [image: l] approaches [image:  \infty], this area will expand to the area under the curve of [image: f(x)] and over the entire interval [image: [a, \infty).] Therefore, the improper integral [image: \int_a^{\infty} f(x) dx] can be thought of as the area under the function [image: f(x)] over the interval [image: [a, \infty).]
    

    
      [image: ]
    

    
      Example 1:
    

    
      Evaluate [image: \int_1^{\infty} \frac{dx} {x}] .
    

    
      Solution:
    

    
      We notice immediately that the integral is an improper integral because the upper limit of integration approaches infinity. First, replace the infinite upper limit by the finite limit [image: l] and take the limit of [image: l] to approach infinity:
    

    
      [image: \int_1^{\infty} \frac{dx} {x} & = \lim_{l \to \infty} \int_1^l \frac{dx} {x}\ & = \lim_{l \to \infty} [\ln x]_1^l\ & = \lim_{l \to \infty} (\ln l - \ln 1)\ & = \lim_{l \to \infty} \ln l\ & = \infty.]
    

    
      Thus the integral diverges.
    

    
      Example 2:
    

    
      Evaluate [image: \int_2^{\infty} \frac{dx} {x^2}] .
    

    
      Solution:
    

    
      [image: \int_2^{\infty} \frac{dx} {x^2} & = \lim_{l \to \infty} \int_2^l \frac{dx} {x^2}\ & = \lim_{l \to \infty} \left [\frac{-1} {x} \right]_2^l\ & = \lim_{l \to \infty} \left (\frac{-1} {l} + \frac{1} {2} \right) \ & = \frac{1} {2}.]
    

    
      Thus the integration converges to [image: \frac{1} {2}.]
    

    
      Example 3:
    

    
      Evaluate [image: \int_{+ \infty}^{- \infty} \frac{dx} {1 + x^2}].
    

    
      Solution:
    

    
      What we need to do first is to split the integral into two intervals [image: (-\infty, 0]] and [image: [0, +\infty).] So the integral becomes
    

    
      [image: \int_{-\infty}^{+\infty} \frac{dx} {1 + x^2} = \int_{-\infty}^0 \frac{dx} {1 + x^2 } + \int_0^{+\infty} \frac{dx} {1 + x^2}.]
    

    
      Next, evaluate each improper integral separately. Evaluating the first integral on the right,
    

    
      [image: \int_{-\infty}^0 \frac{dx} {1 + x^2} & = \lim_{l \to -\infty} \int_l^0 \frac{dx} {1 + x^2}\ & = \lim_{l \to -\infty} \left [\tan^{-1} x \right]_l^0\ & = \lim_{l \to -\infty} \left [\tan^{-1} 0 - \tan^{-1} l \right]\ & = \lim_{l \to -\infty} \left [0 - \left (-\frac{\pi} {2}\right ) \right] = \frac{\pi} {2}.]
    

    
      Evaluating the second integral on the right,
    

    
      [image: \int_0^{\infty} \frac{dx} {1 + x^2} & = \lim_{l \to \infty} \int_0^l \frac{dx} {1 + x^2}\ & = \lim_{l \to \infty} \left [\tan^{-1} x \right]_0^l\ & = \frac{\pi} {2} - 0 = \frac{\pi} {2}.]
    

    
      Adding the two results,
    

    
      [image: \int_{-\infty}^{+\infty} \frac{dx} {1 + x^2} & = \frac{\pi} {2} + \frac{\pi} {2} = \pi.]
    

    
      Remark: In the previous example, we split the integral at [image: x = 0.] However, we could have split the integral at any value of [image: x = c] without affecting the convergence or divergence of the integral. The choice is completely arbitrary. This is a famous thoerem that we will not prove here. That is,
    

    
      [image: \int_{-\infty}^{+\infty} f(x) dx = \int_{-\infty}^c f(x) dx + \int_c^{+\infty} f(x) dx.]
    

    
      Integrands with Infinite Discontinuities
    

    
      This is another type of integral that arises when the integrand has a vertical asymptote (an infinite discontinuity) at the limit of integration or at some point in the interval of integration. Recall from Chapter 5 in the Lesson on Definite Integrals that in order for the function [image: f] to be integrable, it must be bounded on the interval [image: [a, b].] Otherwise, the function is not integrable and thus does not exist. For example, the integral
    

    
      [image: \int_0^4 \frac{dx} {x - 1}]
    

    
      develops an infinite discontinuity at [image: x = 1] because the integrand approaches infinity at this point. However, it is continuous on the two intervals [image: [0, 1)] and [image: (1, 4].] Looking at the integral more carefully, we may split the interval [image:  [0,4] \rightarrow [0,1) \cup (1,4]] and integrate between those two intervals to see if the integral converges.
    

    
      [image: \int_0^4 \frac{dx} {x - 1} = \int_0^1 \frac{dx} {x - 1} + \int_1^4 \frac{dx} {x - 1}.]
    

    
      We next evaluate each improper integral. Integrating the first integral on the right hand side,
    

    
      [image: \int_0^1 \frac{dx} {x - 1} &= \lim_{l \to 1^{-}} \int_0^l \frac{dx} {x - 1}\ &= \lim_{l \to 1^{-}} [\ln |x - 1|]_0^l\ &= \lim_{l \to 1^{-}} [\ln |l - 1| - \ln |- 1|]\ &= -\infty.]
    

    
      The integral diverges because [image: \ln(-1)] and [image: \ln(0)] are not defined, and thus there is no reason to evaluate the second integral. We conclude that the original integral diverges and has no finite value.
    

    
      Example 4:
    

    
      Evaluate [image: \int_1^3 \frac{dx} {\sqrt{x - 1}}] .
    

    
      Solution:
    

    
      [image: \int_1^3 \frac{dx} {\sqrt{x - 1}} & = \lim_{l \to 1^{+}} \int_l^3 \frac{dx} {\sqrt{x - 1}}\ & = \lim_{l \to 1^{+}} \left [2 \sqrt{x - 1} \right]_l^3\ & = \lim_{l \to 1^{+}} \left [2 \sqrt{2} - 2\sqrt{l - 1} \right]\ & = 2\sqrt{2}.]
    

    
      So the integral converges to [image: 2\sqrt{2}].
    

    
      Example 5:
    

    
      In Chapter 5 you learned to find the volume of a solid by revolving a curve. Let the curve be [image: y = xe^{-x}, 0 \le x \le \infty] and revolving about the [image: x-]axis. What is the volume of revolution?
    

    
      Solution:
    

    
      [image: ]
    

    
      From the figure above, the area of the region to be revolved is given by [image: A = \pi y^2 = \pi x^2 e^{-2x}]. Thus the volume of the solid is
    

    
      [image: V = \pi \int_0^{\infty} x^2 e^{-2x} dx = \pi \lim_{l \to \infty} \int_0^l x^2 e^{-2x} dx.]
    

    
      As you can see, we need to integrate by parts twice:
    

    
      [image: \int x^2 e^{-2x} dx & = -\frac{x^2} {2} e^{-2x} + \int x e^{-2x} dx\ & = - \frac{x^2} {2} e^{-2x} - \frac{x} {2} e^{-2x} - \frac{1} {4} e^{-2x} + C.]
    

    
      Thus
    

    
      [image: V & = \pi \lim_{l \to \infty} \left [-\frac{x^2} {2} e^{-2x} - \frac{x} {2} e^{-2x} - \frac{1} {4} e^{-2x} \right]_0^l\ & = \pi \lim_{l \to \infty} \left [\frac{2x^2 + 2x + 1} {-4e^{2x}} \right]_0^l\ & = \pi \lim_{l \to \infty} \left [\frac{2l^2 + 2l + 1} {-4e^{2l}} - \frac{1} {-4e^0} \right]\ & = \pi \lim_{l \to \infty} \left [\frac{2l^2 + 2l + 1} {4e^{2l}} + \frac{1} {4} \right].]
    

    
      At this stage, we take the limit as [image: l] approaches infinity. Notice that the when you substitute infinity into the function, the denominator of the expression [image: \frac{2l^2 + 2l + 1} {-4e^{2l}},] being an exponential function, will approach infinity at a much faster rate than will the numerator. Thus this expression will approach zero at infinity. Hence
    

    
      [image: V = \pi \left [0 + \frac{1} {4} \right] = \frac{\pi} {4},]
    

    
      So the volume of the solid is [image:  \pi/4.]
    

    
      Example 6:
    

    
      Evaluate [image: \int_{- \infty}^{+ \infty} \frac {dx}{e^x+e^{-x}}].
    

    
      Solution:
    

    
      This can be a tough integral! To simplify, rewrite the integrand as
    

    
      [image: \frac {1}{e^x+e^{-x}} = \frac {1}{e^{-x}(e^{2x}+1)} = \frac{e^x}{e^{2x}+1} = \frac {e^x}{1+(e^x)^2}.]
    

    
      Substitute into the integral:
    

    
      [image: \int \frac {dx}{e^x+e^{-x}} = \int \frac {e^x}{1+(e^x)^2}dx.]
    

    
      Using [image: u-]substitution, let [image: u = e^x, du = e^xdx.]
    

    
      [image: \int \frac {dx}{e^x+e^{-x}} & = \int \frac {du}{1+u^2} \ & = \tan^{-1}u + C \ & = \tan^{-1}e^x + C.]
    

    
      Returning to our integral with infinite limits, we split it into two regions. Choose as the split point the convenient [image: x = 0.]
    

    
      [image: \int_{- \infty}^{+ \infty} \frac {dx}{e^x+e^{-x}} = \int_{- \infty}^{0} \frac {dx}{e^x+e^{-x}} + \int_{0}^{+ \infty} \frac {dx}{e^x+e^{-x}}.]
    

    
      Taking each integral separately,
    

    
      [image: \int_{- \infty}^{0} \frac {dx}{e^x+e^{-x}} & = \lim_{l \to -\infty} \int_{l}^{0} \frac {dx}{e^x+e^{-x}} \ & = \lim_{l \to -\infty} \left [ {\tan^{-1} e^x} \right ]_{l}^{0} \ & = \lim_{l \to -\infty} \left [ {\tan^{-1} e^0} - {\tan^{-1}e^l} \right ] \ & = \frac {\pi}{4} - 0 \ & = \frac {\pi}{4}.]
    

    
      Similarly,
    

    
      [image: \int_{0}^{+ \infty} \frac {dx}{e^x+e^{-x}} & = \lim_{l \to \infty} \int_{0}^{1} \frac {dx}{e^x+e^{-x}} \ & = \lim_{l \to \infty} \left [ {\tan^{-1} e^x} \right ]_{0}^{l}\\ & = \lim_{l \to \infty} \left [ {\tan^{-1} e^l} - {\tan^{-1} 1} \right ] \ & = \frac {\pi}{2} - \frac {\pi}{4} = \frac {\pi}{4}.]
    

    
      Thus the integral converges to
    

    
      [image: \int_{- \infty}^{+ \infty} \frac {dx}{e^x+e^{-x}} = \frac {\pi}{4} + \frac {\pi}{4} = \frac {\pi}{2}.]
    

    
      Multimedia Links
    

    
      For a video presentation of Improper Integrals (22.0), see Improper Integrals, www.justmathtutoring.com (6:23). 
    

    
      
        [image: video_image]
      

      
        Improper Integral - Basic Idea and Example - For more free math videos, visit http://PatrickJMT.com (Click here to watch the video)
      

    

    
      For a video presentation of Improper Integrals with Infinity in the Upper and Lower Limits (22.0), see Improper Integrals, www.justmathtutoring.com (7:55). 
    

    
      
        [image: video_image]
      

      
        Improper Integral - Infinity in Upper and Lower Limits - In this video, I do an improper integral with positive infinity in the upper limit of integration and negative infinity in the lower limit of integration. For more free math videos, visit http://PatrickJMT.com (Click here to watch the video)
      

    

    
      Review Questions
    

    
      	Determine whether the following integrals are improper. If so, explain why.
        
          	
            [image: \int_{1}^{7} \frac {x+2}{x-3} dx]
          

          	
            [image: \int_{1}^{7} \frac {x+2}{x+3} dx]
          

          	
            [image: \int_{0}^{1} {{ \ln}x} dx]
          

          	
            [image: \int_{0}^{\infty} \frac {1}{\sqrt {x-2}} dx]
          

          	
            [image: \int_{0}^{{\pi}/4} {\tan x} dx]
          

        

      

    

    
      Evaluate the integral or state that it diverges.
    

    
      	
        [image: \int_{1}^{\infty} \frac {1}{x^{2.001}} dx]
      

      	
        [image: \int_{- \infty}^{-2} \left [ \frac{1}{x-1} - \frac {1}{x+1} \right ] dx]
      

      	
        [image: \int_{-\infty}^{0} e^{5x} dx]
      

      	
        [image: \int_{3}^{5} \frac {1}{(x-3)^4} dx]
      

      	
        [image: \int_{-{\pi}/2}^{{\pi}/2} {\tan x} dx]
      

      	
        [image: \int_{0}^{1} \frac {1}{\sqrt {1-x^2}} dx]
      

      	The region between the [image: x-]axis and the curve [image: y = e^{-x}] for [image: x \ge 0] is revolved about the [image: x-]axis.
        
          	Find the volume of revolution, [image: V.]
          

          	Find the surface area of the volume generated, [image: S.]
          

        

      

    

    
      Review Answers
    

    
      	
        
          	Improper; infinite discontinuity at [image: x = 3.]
          

          	Not improper.
          

          	Improper; infinite discontinuity at [image: x = 0.]
          

          	Improper; infinite interval of integration.
          

          	Not improper.
          

        

      

      	
        [image: \frac {1}{1.001}]
      

      	
        [image: \ln 3]
      

      	
        [image: \frac {1}{5}]
      

      	divergent
      

      	divergent
      

      	
        [image: \frac {\pi}{2}.]
      

      	
        
          	
            [image: V = \pi /2]
          

          	
            [image: S = {\pi} \left [{\sqrt {2} + { \ln}(1+ \sqrt {2})} \right ].]
          

        

      

    

    
      Homework
    

    
      Evaluate the following integrals.
    

    
      1. [image: \int {\sqrt {\sin x}} {\cos x} dx]
    

    
      2. [image: \int x \tan^2(x^2) \sec^2(x^2) dx]
    

    
      3. [image: \int_{0}^{{ \ln}3} {\sqrt {e^{2x} - 1}} dx]
    

    
      4. [image: \int_{0}^{\infty} \frac {1}{x^2} dx]
    

    
      5. [image: \int_{-1}^{8} \frac {1}{\sqrt[3]{x}} dx]
    

    
      6. [image: \int \frac {x^2+x-16}{(x+1)(x-3)^2} dx]
    

    
      7. Graph and find the volume of the region enclosed by the [image: x-]axis, the [image: y-]axis, [image: x = 2] and [image: y = x^2/(9-x^2)] when revolved about the [image: x-]axis.
    

    
      8. The Gamma Function, [image:  \Gamma (x)], is an improper integral that appears frequently in quantum physics. It is defined as
    

    
      [image:  \Gamma (x) = \int_{0}^{\infty} {t^{x-1}e^{-t}} dt.]
    

    
      The integral converges for all [image: x \ge 0.]
    

    
      a. Find [image:  \Gamma (1).]
    

    
      b. Prove that [image: \Gamma (x + 1) = x \Gamma(x)], for all [image: x \ge 0].
    

    
      c. Prove that [image: \Gamma \left ( \frac{1}{2} \right ) = {\sqrt {\pi}}.]
    

    
      9. Refer to the Gamma Function defined in the previous exercise to prove that
    

    
      (a) [image: \int_{0}^{\infty} e^{-x^n} dx = \Gamma \left ( \frac{n+1}{n} \right ), {n \ge 0}] [Hint: Let [image: t = x^n]]
    

    
      (b) [image: \int_{0}^{1} ({ \ln}x)^n dx = {(-1)^n} \Gamma (n+1), {n \ge 0}] [Hint: Let [image: t = - \ln x]]
    

    
      10. In wave mechanics, a sawtooth wave is described by the integral
    

    
      [image:  \int_{- \pi / \omega}^{+ \pi / \omega} {t \sin(k \omega t)} dt,]
    

    
      where [image: k] is called the wave number, [image: \omega] is the frequency, and [image: t] is the time variable. Evaluate the integral.
    

    
      Answers
    

    
      1. [image: \frac {3}{2} \sin^{2/3} x + C]
    

    
      2. [image: \frac {1}{6} \tan^3 (x^2) + C]
    

    
      3. [image:  \ln 3 ]
    

    
      4. divergent
    

    
      5. [image: \frac {9}{8}]
    

    
      6. [image: { \ln}\frac {(x-3)^2}{\begin{vmatrix}{x+1} \end{vmatrix}} +\frac {1}{x-3} + C]
    

    
      7. [image: {\pi} \left ( \frac{19}{5} - \frac {9}{4} { \ln}5 \right)]
    

    
      8. a. [image:  \Gamma (1) = 1]
    

    
      9. a. Hint: Let [image: t = x^n.]
    

    
      b. Hint: [image: t = -\ln x]
    

    
      10. [image: \frac {2}{(k \omega)^2} \sin (k \pi)]
    

    
      Ordinary Differential Equations
    

    
      General and Particular Solutions
    

    
      Differential equations appear in almost every area of daily life including science, business, and many others. We will only consider ordinary differential equations (ODE). An ODE is a relation on a function [image: y] of one independent variable [image: x] and the derivatives of [image: y] with respect to [image: x], i.e. [image: y^{(n)} = F(x, y, y' , \ldots .,y^{(n - 1)})]. For example, [image: y'' + (y' )^2 + y = x].
    

    
      An ODE is linear if [image: F] can be written as a linear combination of the derivatives of [image: y], i.e. [image: y^{(n)} = \sum a_i(x)y(i) + r(x)]. A linear ODE is homogeneous if [image: r(x) = 0].
    

    
      A general solution to a linear ODE is a solution containing a number (the order of the ODE) of arbitrary variables corresponding to the constants of integration. A particular solution is derived from the general solution by setting the constants to particular values. For example, for linear ODE of second degree [image: y'' + y = 0], a general solution have the form [image: y_g = A \cos x + B \sin x] where [image: A, B] are real numbers. By setting [image: A = 1] and [image: B = 0, y_p = \cos x]
    

    
      It is generally hard to find the solution of differential equations. Graphically and numerical methods are often used. In some cases, analytical method works, and in the best case, [image: y] has an explicit formula in [image: x].
    

    
      Multimedia Links
    

    
      For a video introduction to differential equations (27.0), see Math Video Tutorials by James Sousa, Introduction to Differential Equations (8:12). 
    

    
      
        [image: video_image]
      

      
        This video introduces how to solve the most basic differential equation. http://mathispower4u.yolasite.com/ (Click here to watch the video)
      

    

    
      Slope Fields and Isoclines
    

    
      We now only consider linear ODE of the first degree, i.e. [image: \frac{dy}{dx} = F(x, y)]. In general, the solutions of a differential equation could be visualized before trying an analytic method. A solution curve is the curve that represents a solution (in the [image: xy -] plane).
    

    
      The slope field of the differential |eq|uation is the set of all short line segments through each point [image: (x, y)] and with slope [image: F(x, y)].
    

    
      [image: ]
    

    
      [image: ]
    

    
      An isocline (for constant [image: k]) is the line along which the solution curves have the same gradient [image: (k)]. By calculating this gradient for each isocline, the slope field can be visualized; making it relatively easy to sketch approxi- mate solution curves. For example,[image: \frac{dy}{dx}=\frac{x}{y}]. The isoclines are [image: y =\frac{x}{k}].
    

    
      Example 1 Consider [image: \frac{dy}{dx}=\frac{x}{y^2}]. We briefly sketch the slope field as above.
    

    
      The solutions are [image: y^3 =\frac{3}{2}\ x^2+C].
    

    
      [image: ]
    

    
      [image: ]
    

    
      Exercise
    

    
      	Sketch the slope field of the differential equation [image: \frac{dy}{dx}=1-y]. Sketch the solution curves based on it.
      

      	Sketch the slope field of the differential equation [image: \frac{dy}{dx}=y-x]. Find the isoclines and sketch a solution curve that passes through [image: (1, 0)].
      

    

    
      Differential Equations and Integration
    

    
      We begin the analytic solutions of differential equations with a simple type where [image: F(x,y)] is a function of [image: x] only. [image: \frac{dy}{dx}= f(x)] is a function of [image: x]. Then any antiderivative of [image: f] is a solution by the Fundamental Theorem of Calculus:
    

    
      [image: \frac{d}{dx}\int_{a}^{x}\ f(t)\ dt=f(x)].
    

    
      Example 1 Solve the differential equation [image: \frac{dy}{dx}= x] with [image: y(0) = 1].
    

    
      Solution. [image: y =\int\ x\ dx =\frac{x^2}{2}+C]. Then [image: y(0) = 1] gives [image: 1 = 0 + C], i.e. [image: C = 1] Therefore [image: y =\frac{x^2}{2}+ 1].
    

    
      Example 2 Solve the differential equation [image: \frac{dy}{dx}=\frac{1}{\sqrt{1 + x^2}}].
    

    
      Solution. We have [image: y =\int \frac{1}{\sqrt{1 + x^2}}\ dx] and a substitution [image: u = \sinh^{-1} x] gives [image: y=\int \frac{\cos h\ u\ du}{\sqrt{1+ \sin h^2\ u}}=\int\frac{\cos h\ u\ du}{\cos h\ u}=\int\ du=u=\sin h^{-1}x+C].
    

    
      Exercise
    

    
      	Solve the differential equation [image: \frac{dy}{dx}= \sqrt{9-x^2}] with [image: y(0) = 3].
      

      	Solve the differential equation [image: \frac{dy}{dx}=\frac{1}{\sqrt{1+x+x^2}}].
      

    

    
      Hint: Let [image: u = x +\frac{1}{2}].
    

    
      Solving Separable First-Order Differential Equations
    

    
      The next type of differential equation where analytic solution are rela- tively easy is when the dependence of [image: F(x, y)] on [image: x] and [image: y] are separable: [image: \frac{dy}{dx}= F(x, y)] where [image: F(x, y) = f(x) g(y)] is the product of a functions of [image: x] and [image: y] respectively. The solution is in the form [image: P(x) = Q(y)]. Here [image: g(y)] is never [image: 0] or the values of [image: y] in the solutions will be restricted by where [image: g(y) = 0].
    

    
      Example 1 Solve the differential equation [image: y' = xy] with the initial condition [image: y(0) = 1].
    

    
      Solution. Separating [image: x] and [image: y] turns the equation in differential form [image: \frac{dy}{y}=xdx]. Integrating both sides, we have [image: \ln|y| =\frac{1}{2}x^2 + C].
    

    
      Then [image: y(0) = 1] gives [image: \ln|1| = \frac{1}{2}(0)^2 + C], i.e. [image: C = 0] and [image: \ln|y| = \frac{1}{2}x^2].
    

    
      So [image: |y| = e^{\frac{1}{2}x^2}.]
    

    
      Therefore, the solutions are [image: y = \pm e^{\frac{1} {2}x^2}].
    

    
      Here [image: Q(y) = y] is [image: 0] when [image: y = 0] and the values of [image: y] in the solutions satisfy [image: y > 0] or [image: y < 0].
    

    
      Example 2. Solve the differential equation [image: 2xy' = 1 - y^2].
    

    
      Solution. Separating [image: x] and [image: y] turns the equation in differential form [image: \frac{2} {1 - y^2} dy = \frac{dx} {x}.]
    

    
      Resolving the partial fraction [image: \frac{2} {1 - y^2} = \frac{A} {1 - y} + \frac{B} {1 + y}] gives linear equations [image: A + B = 2] and [image: A - B = 0].
    

    
      So [image: \left (\frac{1} {1 - y} + \frac{1} {1 + y}\right ) dy = \frac{dx} {x}]. Integrating both sides, we have [image: -\ln | 1 - y | + \ln | 1 + y | = \ln | x | + C] or [image: \ln \left |\frac{1 + y} {1 - y}\right | = \ln (e^C | x | ) = \ln D | x |] with [image: D = e^C > 0]. Then [image: \left |\frac{1 + y} {1 - y}\right | = D | x |], i.e. [image: \frac{1 + y} {1 - y} = \pm Dx] where [image: D > 0].
    

    
      Therefore, the solution has form [image: y = \pm \frac{Dx + 1} {Dx - 1}] where [image: D > 0].
    

    
      Exercise
    

    
      	Solve the differential equation [image: \frac{dy} {dx} = \frac{1} {e^y}] which satisfies the condition [image: y(e) = 0].
      

      	Solve the differential equation [image: \frac{dy} {dx} = x(y^2 + 1)].
      

      	Solve the differential equation [image: \frac{dy} {dx} = \frac{x} {\sqrt{1 - y^2}}].
      

    

    
      Exponential and Logistic Growth
    

    
      In some model, the population grows at a rate proportional to the current population without restrictions. The population is given by the differential equation [image: \frac{dP} {dt} = kP], where [image: k > 0] are growth. In a refined model, the rate of growth is adjusted by another factor [image: \left (1 - \frac{P} {K}\right )] where [image: K] is the carrier capacity. This is close to [image: 1] when [image: P] is small compared with [image: K] but close to [image: 0] when [image: P] is close to [image: K].
    

    
      Both differential equations are separable and could be solved as in last section. The solutions are respectively:
    

    
      [image: P(t) = P(0)e^{kt}] and [image: P(t) = \frac{P_0} {1 + Ae^{kt}}] with [image: A = \frac{K - P_0} {P_0}].
    

    
      Example 1 (Exponential Growth) The population of a group of immigrant increased from [image: 10000] to [image: 20000] from the end of first year to the end of second year they came to an island. Assuming an exponential growth model on the population, estimate the size of the group of initial immigrants.
    

    
      Solution. The population of the group is given by [image: P = P_{0}e^{kt}] where the initial population and relative growth rate are to be determined.
    

    
      At [image: t = 1] (year), [image: P = 10000], so [image: 10000 = P_{0}e^{k \cdot 1} = P_{0}^{ek}].
    

    
      At [image: t = 2] (year), [image: P = 20000], so [image: 20000 = P_{0}e^{k \cdot 2} = P_{0}e^{2k}].
    

    
      Dividing both sides of the second equation by the first, we have [image: 2 = e^{k}].
    

    
      Then back in the first equation, [image: 10000 = P_0(2)]. So [image: P_0 = 5000]. There are [image: 5000] initial immigrants.
    

    
      Example 2 (Logistic Growth) The population on an island is given by the equation [image: \frac{dP} {dt} = 0.05P\left (1 - \frac{P_0} {5000}\right ), P_0 = 1000]. Find the population sizes [image: P(20), P(30)]. At what time will the population first exceed [image: 4000]?
    

    
      Solution. The solution is given by [image: P = \frac{P_0} {1 - Ae^{0.05t}}] where [image: A = \frac{5000 - 1000} {1000} = 4].
    

    
      [image: P(20) & = \frac{5000} {1 + 4e^{-0.05(20)}} = \frac{5000} {1 + 4e^{-1}} = 2023 \ P(30) & = \frac{5000} {1 + 4e^{-0.05(30)}} = \frac{5000} {1 + 4e^{-1.5}} = 3785.]
    

    
      Solve for time, [image: 4000 = \frac{5000} {1 + 4e^{-0.05(t)}}] gives [image: e^{(-0.05t)} = \frac{\frac{5000} {4000} - 1} {4} = 0.0625]. So [image: t = 56]. The population first exceed [image: 4000] in the [image: 56^{th}] year.
    

    
      Exercise
    

    
      	(Exponential Growth) The population of a suburban city increased from [image: 10000] in 2005 to [image: 30000] in 2007. Assuming an exponential growth model on the population, by which year will the population first exceeds [image: 100000]?
      

      	(Logistic Growth) The population of a city is given by the equation [image: \frac{dP} {dt} = 0.06P\left (1 - \frac{P_0} {100000}\right ), P_0 = 25000]. Find the population sizes [image: P(10), P(25)]. At what time will the population first exceed [image: 90000]?
      

    

    
      Multimedia Links
    

    
      For a video presentation of Differential Equations including growth and decay (27.0), see Differential Equations, Growth and Decay (7:23). 
    

    
      
        [image: video_image]
      

      
        Uploaded by RobbWorld on 2009-09-19. (Click here to watch the video)
      

    

    
      Numerical Methods (Euler's, Improved Euler, Runge-Kutta)
    

    
      The Euler's method is a numerical approximation to a solution curve starting from the point [image: (a, b)] through the algorithm:
    

    
      [image: y_{n + 1} = y_{n} + hF(x_{n}, y_{n})] where [image: x_{0} = a, y_{0} = b] and [image: h] is the step size.
    

    
      The shorter step size, the better is the approximation to the solution curve.
    

    
      Improved Euler (Heun) method adapts on Euler's method by using both end point values: [image: y_{n+1} = y_n + \frac{h} {2} [F(x_n, y_n) + F(x_{n + 1}, y_{n + 1})].]
    

    
      Since [image: y_{n+1}] also appears on the right side, we replace it by Euler's formula,
    

    
      [image: y_{n+1} = y_n + \frac{h} {2} [F(x_n, y_n) + F(x_{n + 1}, y_n + hF(x_n, y_n))].]
    

    
      The Runge-Kutta methods are an important family of implicit and explicit iterative methods for the approximation of solutions of our ODE. On them, apply Simpson's rule:
    

    
      [image: y_{n + 1} - y_n = \int_{x_n}^{x_{n + 1}} f'(x) dx = \int_{x_n}^{x_n + h} f'(x) dx]
    

    
      [image: \approx \frac{h} {6} \left \{y'(x_n) + 4y'\left (x_n + \frac{h} {2}\right ) + y' (x_n + 1)\right \}.]
    

    
      Exercise 1. Apply the Euler's, improved Euler's and the Runge-Kutta methods on the ODE
    

    
      [image: \frac{dy} {dx} = y] to approximate the solution that satisfy [image: y(0) = 1] from [image: x = 0] to [image: x = 1] with [image: h = 0.2].
    

    
      We know the exact solution is [image: y = e^x]. Compare their relative accuracy against the exact solution.
    

    
      Texas Instruments Resources
    

    
      In the CK-12 Texas Instruments Calculus FlexBook, there are graphing calculator activities designed to supplement the objectives for some of the lessons in this chapter. See http://www.ck12.org/flexr/chapter/9732.
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